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Abstract
The high energy and large pT inclusive polarized process, (A,SA) + (B,SB) → C + X, is con-
sidered under the assumption of a generalized QCD factorization scheme. For the first time all
transverse motions, of partons in hadrons and of hadrons in fragmenting partons, are explicitly
taken into account; the elementary interactions are computed at leading order with noncollinear
exact kinematics, which introduces many phases in the expressions of their helicity amplitudes.
Several new spin and k⊥ dependent soft functions appear and contribute to the cross sections and
to spin asymmetries; we put emphasis on their partonic interpretation, in terms of quark and gluon
polarizations inside polarized hadrons. Connections with other notations and further information
are given in some Appendices. The formal expressions for single and double spin asymmetries
are derived. The transverse single spin asymmetry AN , for p
↑ p → piX processes is considered
in more detail, and all contributions are evaluated numerically by saturating unknown functions
with their upper positivity bounds. It is shown that the integration of the phases arising from
the noncollinear kinematics strongly suppresses most contributions to the single spin asymmetry,
leaving at work predominantly the Sivers effect and, to a lesser extent, the Collins mechanism.
PACS numbers: 13.88.+e, 13.60.-r, 13.15.+g, 13.85.Ni
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I. INTRODUCTION AND FORMALISM
There is, at present, no completely rigorous theory of single spin asymmetries in hadron–
hadron collisions and inclusive particle production. Rigorous results about how different
physical processes, including hadronic ones, are related to each other via factorization, only
exist for the restricted case of collinear kinematics. But it is precisely in this kinematic
situation that one cannot generate single spin asymmetries at leading twist. Thus, the
introduction of intrinsic k⊥ is crucial for a model of single spin asymmetries and we are
therefore forced to rely on an intuitively reasonable calculational approach, within QCD,
assuming a simple factorization scheme. This effectively neglects the role of the soft factors
related to the Wilson lines which occur in the rigorous definition of k⊥ dependent parton
densities and fragmentation functions.
In recent papers [1, 2] we have discussed such a formalism to compute cross sections for
polarized and unpolarized inclusive processes, AB → C X, fully taking into account parton
intrinsic motion in distribution and fragmentation functions, as well as in the elementary
dynamics. In particular, in Ref. [2] the emphasis was on the importance of the many phases
appearing in the computation of helicity amplitudes in noncollinear configurations, and their
role in suppressing the contribution of the Collins mechanism [3] to transverse single spin
asymmetries. Many other contributions to polarized and unpolarized cross sections, and to
single and double spin asymmetries, were not discussed, referring to a later paper for the
full treatment of the most complete case.
We consider here such a general case. Let us start from Eq. (8) of Ref. [2]:
EC dσ
(A,SA)+(B,SB)→C+X
d3pC
=
∑
a,b,c,d,{λ}
∫
dxa dxb dz
16π2xaxbz2s
d2k⊥a d
2k⊥b d
3k⊥C δ(k⊥C · pˆc) J(k⊥C)
× ρa/A,SAλa,λ′a fˆa/A,SA(xa,k⊥a) ρ
b/B,SB
λ
b
,λ′
b
fˆb/B,SB(xb,k⊥b) (1)
× Mˆλc,λd;λa,λb Mˆ∗λ′c,λd;λ′a,λ′b δ(sˆ+ tˆ+ uˆ) Dˆ
λ
C
,λ
C
λc,λ
′
c
(z,k⊥C) ,
which gives the cross section for the polarized hadronic process (A, SA) + (B, SB)→ C +X
as a (factorized) convolution of all possible hard elementary QCD processes, ab→ cd, with
soft partonic polarized distribution and fragmentation functions. In Eq. (1) sˆ, tˆ and uˆ are
the Mandelstam variables for the partonic reactions and the detailed connection between
the hadronic and the partonic kinematical variables is given in full in Appendix A.
Let us clarify the physical meaning of Eq. (1) – our starting point – by making detailed
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comments on its notation and contents.
• A and B are initial spin 1/2 hadrons (typically, two protons), in pure spin states
denoted by SA and SB respectively, with corresponding polarization vectors P
A and
P B (notice that P A,B are actually pseudovectors). We set SA,B = 0 for unpolarized
hadrons (P A,B = 0). EC and pC are the energy and three-momentum of the final
detected particle (typically, a pion). Throughout the paper, we work in the AB c.m.
frame, assuming that hadron A moves along the positive Zcm-axis and hadron C is
produced in the (XZ)cm plane, with (pC)Xcm > 0. We define as transverse polarization
for hadrons A and B the Ycm-direction, often using the notation
↑ for PAYcm = 1 and PBYcm = −1 ↓ for PAYcm = −1 and PBYcm = 1 . (2)
The longitudinal spin states are labelled by their helicities: λA,B = ±1/2 (sometimes
just written as ±) corresponding to PAZcm = ±1 and to PBZcm = ∓1 respectively. The
opposite signs for hadrons A and B originate from the fact that their helicity frames,
as reached from the overall c.m. frame, have opposite Y and Z axes [4], see Eq. (D3).
The general case of hadrons transversely polarized along a generic direction φSA in the
(XY )cm plane is treated in Appendix B.
• The notation {λ} implies a sum over all helicity indices. xa, xb and z are the usual
light-cone momentum fractions, of partons in hadrons (xa,b) and hadrons in partons
(z). k⊥a (k⊥b) and k⊥C are respectively the transverse momenta of parton a (b) with
respect to hadron A (B), and of hadron C with respect to parton c. We consider all
partons as massless, neglecting heavy quark contributions.
• With massless partons, the function J is given by [1]
J(k⊥C) =
(
EC +
√
p2C − k2⊥C
)2
4(p2C − k2⊥C)
· (3)
• ρa/A,SAλa,λ′a is the helicity density matrix of parton a inside the polarized hadron A, with
spin state SA. Similarly for parton b inside hadron B with spin SB. Notice that
the helicity density matrix describes the spin orientation of a particle in its helicity
frame [4]; for a spin 1/2 particle, Tr (σiρ) = Pi is the i-component of the polarization
3
vector P in the helicity rest frame of the particle. Obviously, for a massless parton
there is no rest frame and the helicity frame is defined as the standard frame [4] in
which its four-momentum is pµ = (p, 0, 0, p) (see also Appendix D). fˆa/A,SA(xa,k⊥a) is
the distribution function of the unpolarized parton a inside the polarized hadron A.
We shall also denote by fˆasi/SJ the number densities of partons a, with spin along the
i-axis, inside a hadron A with spin along the J-axis: i = x, y, z stand for directions in
the parton helicity frame, whereas J = X, Y, Z refer to the hadron helicity rest frame.
• The Mˆλc,λd;λa,λb ’s are the helicity amplitudes for the elementary process ab → cd,
normalized so that the unpolarized cross section, for a collinear collision, is given by
dσˆab→cd
dtˆ
=
1
16πsˆ2
1
4
∑
λa,λb,λc,λd
|Mˆλc,λd;λa,λb |2 . (4)
• DˆλC ,λ′Cλc,λ′c (z,k⊥C) is the product of fragmentation amplitudes for the c→ C +X process
Dˆ
λ
C
,λ′
C
λc,λ
′
c
=
∑∫
X,λX
Dˆλ
C
, λ
X
;λc Dˆ∗λ′C , λX ;λ′c , (5)
where the
∑∫
X,λX
stands for a spin sum and phase space integration over all undetected
particles, considered as a system X. The usual unpolarized fragmentation function
DC/c(z), i.e. the number density of hadrons C resulting from the fragmentation of an
unpolarized parton c and carrying a light-cone momentum fraction z, is given by
DC/c(z) =
1
2
∑
λc,λC
∫
d2k⊥C Dˆ
λ
C
,λ
C
λc,λc
(z,k⊥C) . (6)
Eq. (1) is written in a factorized form, separating the soft, long distance from the hard,
short distance contributions. The hard part is computable in perturbative QCD (pQCD),
while information on the soft one has to be extracted from other experiments or modeled. As
already mentioned and discussed in Ref. [2], such a factorization with noncollinear kinematics
has never been formally proven. Indeed, studies of factorization [5–7], comparing semi-
inclusive deep inelastic scattering (SIDIS) and Drell-Yan reactions have indicated unexpected
modifications of simple factorization, and the situation for inclusive particle production in
hadron–hadron collisions is not yet resolved. Thus, our approach can only be considered as
a reasonable phenomenological model. Of course, the perturbative calculation of the hard
part is only reliable if the hard scale – in this case the square of the transverse momentum
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of the final hadron, p2T – is large enough; in our case p
2
T ≥ 2.25 (GeV/c)2. It turns out that
the data demand [1] an average value of k2⊥ ≃ 0.64 (GeV/c)2 for the intrinsic transverse
momentum of the parton distributions. This is relatively small compared to 2.25 (GeV/c)2,
but complications can arise from the tail of the Gaussian distribution, as was discussed in
Ref. [1] and will be commented on in Section V.
The intrinsic motion arises both from parton confinement and from QCD gluon emission.
In that, our approach, based on perturbative computations performed at LO in the strong
coupling constant, with noncollinear kinematics, could partially and effectively contain some
of the effects related to soft gluon emissions and the threshold resummation of large log-
arithmic perturbative corrections, recently performed within proper collinear factorization
[8]. A study of weighted single spin asymmetries for double-inclusive production in hadron-
hadron collisions, based on k⊥ factorization using a diagrammatic approach, has appeared
very recently [5].
In the next Section we discuss in detail the soft contributions to Eq. (1), related to
parton distribution and fragmentation functions, while in Section III we give the explicit
analytical expressions of all elementary amplitudes, convoluted with the corresponding soft
functions. Some contributions to the unpolarized cross section and the transverse Single
Spin Asymmetry (SSA) are analytically discussed in Section IV. Numerical estimates of
the maximal contributions of the different spin mechanisms, both to the cross section and
the transverse SSA, are presented and discussed in Section V. General conclusions and
comments are given in Section VI. Finally, the full noncollinear partonic kinematics and its
relation with the overall hadronic variables is discussed, for convenience and completeness,
in Appendix A; the formal relationships between the hadron and the parton polarization
are widely studied in Appendix B, and the connection with other formalims is explicitely
worked out in Appendix C. Useful definitions of helicity frames are given in Appendix D.
II. SOFT PHYSICS
Although Eq. (1) has already a clear physical interpretation, we would like to express the
parton density matrix elements in terms of parton polarizations, so that, when performing
the helicity sums, each term has a direct partonic meaning.
Notice that the parton polarizations are, of course, related to their parent hadron polar-
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izations. The way the hadron spin is transferred to the partons can be formally described,
in general, by bilinear combinations of the helicity amplitudes for the process A → a + X
(distribution amplitudes) [2, 9]. Therefore, one could equally well interpret Eq. (1) either
in terms of parton polarizations or in terms of the distribution amplitudes. We follow here
the former approach, which is somewhat more direct. However, the latter approach offers
a deeper understanding of some of the basic properties of our factorized scheme (e.g. the
parity properties) and allows a direct comparison with other formalims used to describe the
same spin effects. In Appendix B we give the full correspondence between parton polariza-
tions and the distribution amplitudes, and in Appendix C we derive the explicit relations
between our formalism and that of the Amsterdam group [10].
A. Quark polarizations
The helicity density matrix of quark a can be written in terms of the quark polarization
vector components, P a = (P ax , P
a
y , P
a
z ) = (P
a
T cosφsa, P
a
T sinφsa, P
a
L), as
ρ
a/A,SA
λa,λ
′
a
=

 ρa++ ρa+−
ρa−+ ρ
a
−−


A,SA
=
1
2

 1 + P az P ax − iP ay
P ax + iP
a
y 1− P az


A,SA
=
1
2

 1 + P aL P aT e−iφsa
P aT e
iφsa 1− P aL


A,SA
, (7)
where, as explained above, the x, y and z-directions are those of the helicity frame of parton
a. Eq. (7) satisfies the well known general properties:
ρa++ + ρ
a
−− = 1 (8)
ρa++ − ρa−− = P az = P aL (9)
2Reρa−+ = 2Reρ
a
+− = P
a
x = P
a
T cosφsa (10)
2 Imρa−+ = −2 Imρa+− = P ay = P aT sinφsa . (11)
When performing the sum over the helicity indices λa, λ
′
a and λb, λ
′
b in Eq. (1), one obtains
products of terms of the form
(P aj fˆa/A,SA) = fˆ
a
sj/SA
− fˆa−sj/SA ≡ ∆fˆasj/SA , (12)
where j = x, y, z. Similarly for parton b inside hadron B. We use the notations:
(P aj fˆa/A,SY ) = ∆fˆ
a
sj/SY
= fˆasj/↑ − fˆa−sj/↑ ≡ ∆fˆasj/↑(xa,k⊥a) (13)
(P aj fˆa/A,SZ ) = ∆fˆ
a
sj/SZ
= fˆasj/+ − fˆa−sj/+ ≡ ∆fˆasj/+(xa,k⊥a) (14)
(fˆa/A,SY ) = fˆa/A(xa, k⊥a) +
1
2
∆fˆa/SY (xa,k⊥a) . (15)
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These amount to eight independent quantities, which represent the (k⊥ unintegrated) distri-
bution functions of partons a (= q, q¯) with polarization P a (defined in the partonic helicity
frame) inside hadron A with spin SA (specified in the hadronic helicity frame). All of these
functions have a simple direct physical meaning: for instance, the x-component of Eq. (13) –
(P ax fˆa/A,SY ) – represents the amount of polarization along the x-axis (in the partonic helicity
frame) carried by partons a inside a transversely polarized hadron (A, SY ); (P
a
y fˆa/A,SY ) is
related to the k⊥ dependent transversity distribution, which, upon integration over d
2k⊥,
gives the familiar transversity function hq1(x) or ∆T q(x) (see also Appendix B). Similarly,
the z-component of Eq. (14) – (P az fˆa/A,SZ) – is the unintegrated helicity distribution, which,
once integrated over the transverse momentum, gives the usual helicity distribution ∆q(x)
or gq1(x).
Notice that two independent distribution functions appear in the definition of fˆa/A,SY ,
which is the only term in the sum over λa, λ
′
a which corresponds to parton a being un-
polarized: fˆa/A(xa, k⊥a), the unintegrated number density of unpolarized partons a inside
the unpolarized proton A, and ∆fˆa/SY , the Sivers function [11]. The latter permits the
number density of unpolarized partons a to depend upon the transverse polarization of the
parent hadron A. In general, for a hadron A in a pure spin state SA and corresponding unit
polarization vector Pˆ
A
, one has:
∆fˆa/SA (xa,k⊥a) ≡ fˆa/SA (xa,k⊥a)− fˆa/−SA (xa,k⊥a)
= ∆N fˆa/A↑ (xa, k⊥a) (pˆA × kˆ⊥a) · Pˆ
A
. (16)
In the last term of the above expression we have explicitly extracted the angular dependences,
according to the so-called “Trento conventions” [12]: pˆA is the unit vector along the hadron
A three-momentum, k⊥a = |k⊥a| and kˆ⊥a = k⊥a/k⊥a. Parity invariance allows to have a
non-zero Sivers function only for transverse spin, pˆA ·Pˆ
A
= 0. Often ∆N fˆa/A↑ (xa, k⊥a) alone
is referred to as the Sivers function (see Appendix B for related expressions). For a generic
transverse polarization direction Pˆ
A
= (cosφSA, sinφSA, 0), one has ∆fˆa/SA (xa,k⊥a) =
∆N fˆa/A↑ (xa, k⊥a) sin(φSA−φa), where φa is the azimuthal angle (in the hadronic c.m. frame)
of k⊥a.
According to our configuration the hadron transverse polarization is chosen along the
+Y -direction (↑); notice that Y = Ycm for the hadron moving along the +Zcm-direction,
while Y = −Ycm for the hadron moving along −Zcm, as already noticed after Eq. (2). Then,
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Eq. (16) reads:
∆fˆa/SY (xa,k⊥a) ≡ fˆa/SY (xa,k⊥a)− fˆa/−SY (xa,k⊥a)
= ∆N fˆa/A↑ (xa, k⊥a) cosφa . (17)
Similarly, the Boer-Mulders mechanism [10, 13] (see Appendix B) allows partons to be
transversely polarized inside an unpolarized parent hadron. In general, this can be expressed
by:
P aj fˆa/A = fˆ
a
sj/A
(xa,k⊥a)− fˆa−sj/A(xa,k⊥a) ≡ ∆fˆasj/A(xa,k⊥a)
= ∆N fˆa↑/A (xa, k⊥a) (pˆA × kˆ⊥a)j , (18)
where P aj is the j-component of the parton polarization in the parton helicity frame (j =
x, y, z). The above equation can also be written as [12]
∆fˆas/A(xa,k⊥a) ≡ fˆas/A(xa,k⊥a)− fˆa−s/A(xa,k⊥a)
= ∆N fˆa↑/A (xa, k⊥a) (pˆA × kˆ⊥a) · Pˆ
a
, (19)
where s and Pˆ
a
denote respectively a generic parton spin state and the corresponding unit
polarization vector, in the parton helicity frame (as reached from the parent hadron helicity
frame). Notice that, according to our configuration, in the hadronic c.m. frame yˆ points
along the Zˆcm × kˆ⊥a direction, Eq. (D4). It follows that for nucleons moving respectively
along the ±Zcm-direction one has
∆fˆasy/A(xa,k⊥a) = ±∆N fˆa↑/A (xa, k⊥a) . (20)
It also follows that the analogous function for the x-direction is zero, ∆fˆasx/A = 0. The
function ∆N fˆa↑/A (xa, k⊥a) alone is often referred to as the Boer-Mulders function.
Moreover, one can show that the Boer-Mulders function is the same which appears in the
y-component of Eq. (14),
∆fˆasy/A = (P
a
y fˆa/A) = (P
a
y fˆa/A,SZ ) = ∆fˆ
a
sy/+ , (21)
due to parity invariance.
It is worth mentioning that the function (P ay fˆa/SY ) = ∆fˆ
a
sy/SY
≡ ∆fˆasy/↑ can be decom-
posed into two terms, the Boer-Mulders term which is independent of the hadron transverse
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polarization, and a term which changes sign when the hadron polarization direction is re-
versed:
∆fˆasy/SY = ∆fˆ
a
sy/A +∆
−fˆasy/SY , (22)
with
∆−fˆasy/SY ≡
1
2
[
∆fˆasy/↑ −∆fˆasy/↓
]
= −∆−fˆasy/−SY . (23)
Notice that
∆fˆasx/SY = ∆
−fˆasx/SY = −∆fˆasx/−SY . (24)
B. Gluon polarizations
Let us now consider the gluon sector (a first study of the unintegrated gluon distribution
functions can be found in Ref. [14]). The helicity density matrix for a massless particle with
spin 1 can be written as
ρ
g/A,SA
λg ,λ
′
g
=
1
2

 1 + P gz T
g
1 − iT g2
T g1 + iT g2 1− P gz


A,SA
=
1
2

 1 + P
g
circ −P glin e−2iφ
−P glin e2iφ 1− P gcirc


A,SA
, (25)
and we consider it for a gluon g inside the hadron A, in a spin state SA. Eq. (25) refers,
in general, to a mixture of circularly and linearly polarized states. P gcirc corresponds to P
g
z ,
the gluon longitudinal polarization. The off-diagonal elements of Eq. (25) are related to the
linear polarization of the gluons in the (xy) plane at an angle φ to the x-axis. The x, y and
z axes refer to the standard gluon helicity frame, in which its momentum is pµ = (p, 0, 0, p).
P glin is expressed in terms of the parameters T g1 and T g2 , which are closely related to the
Stokes parameters used in classical optics; they play a role formally analogous to that of
the x and y-components of the quark polarization vector in the quark sector. The use of
the parameters T g1 and T g2 makes the gluon distribution functions formally similar to those
for the quarks and considerably simplifies all the formulae for the spin asymmetries given in
Sections III and IV.
In analogy to the quark helicity density matrix, Eq. (25) shows that:
ρg++ + ρ
g
−− = 1 (26)
ρg++ − ρg−− = P gz = P gcirc (27)
2Reρg−+ = 2Reρ
g
+− = T g1 = −P glin cos(2φ) (28)
2 Imρg−+ = −2 Imρg+− = T g2 = −P glin sin(2φ) . (29)
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As for the quark sector, there are eight independent gluon distribution functions, which,
following Eqs. (13-15), we label as
(T g1 fˆg/A,SY ) ≡ ∆fˆ gT1/↑(xg,k⊥g) (30)
(T g2 fˆg/A,SY ) ≡ ∆fˆ gT2/↑(xg,k⊥g) (31)
(P gz fˆg/A,SY ) = ∆fˆ
g
sz/SY
= fˆ gsz/↑ − fˆ g−sz/↑ ≡ ∆fˆ gsz/↑(xg,k⊥g) (32)
(T g1 fˆg/A,SZ ) ≡ ∆fˆ gT1/+(xg,k⊥g) (33)
(T g2 fˆg/A,SZ ) ≡ ∆fˆ gT2/+(xg,k⊥g) (34)
(P gz fˆg/A,SZ ) = ∆fˆ
g
sz/SZ
= fˆ gsz/+ − fˆ g−sz/+ ≡ ∆fˆ gsz/+(xg,k⊥g) (35)
(fˆg/A,SY ) = fˆg/A(xg,k⊥g) +
1
2
∆fˆg/SY (xg,k⊥g) . (36)
Notice that ∆fˆ gsz/+(xg,k⊥g) is the usual k⊥g dependent gluon helicity distribution func-
tion ∆g(xg,k⊥g). The interpretation of ∆fˆT1,T2/SA as difference of linearly polarized gluon
distributions is discussed in the sequel and in Appendix B.
In analogy to Eqs. (22) and (23) we also define a new quantity which changes sign when
the hadron polarization direction is reversed [see Eq. (B39)]:
∆fˆ gT1/↑ = ∆fˆ
g
T1/A
+∆−fˆ gT1/↑ , (37)
with
∆−fˆ gT1/↑ =
1
2
[
∆fˆ gT1/↑ −∆fˆ gT1/↓
]
= −∆−fˆ gT1/↓ . (38)
Although gluons cannot carry any transverse spin, there is a strong analogy between
transversely polarized quarks and linearly polarized gluons; for example, analogous to the
Boer–Mulders case for quarks, it is possible to have a linearly polarized gluon inside an
unpolarized nucleon, corresponding to a non-vanishing T g1 fˆg/A = ∆fˆ gT1/A. This mechanism
has never been explored before. Its structure is linked to the spin 1 Cartesian tensor Tij (see,
e.g., Section 3.1.12 of Ref. [4]), which is symmetric and traceless. For a massless particle
one has:
Tzz =
1√
6
(39)
T1 =
√
2
3
(Txx − Tyy) T2 = 2
√
2
3
Txy . (40)
Because of (39), the traceless condition and parity invariance, it is only possible to construct
one scalar structure that depends non-trivially on the Tij .
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Using the three-vectors at our disposal – the gluon momentum p, its transverse momen-
tum k⊥ and the parent hadron momentum pA – we define:
uˆ =
kˆ⊥ − (kˆ⊥ · pˆ) pˆ
pˆ · pˆA
vˆ = pˆA × kˆ⊥ (41)
and introduce a tensor T whose components are Tij. The only possible structure is then:
Tij fˆg/A(x, k⊥) =
√
3
2
[
1
2
∆N fˆ gT1/A(x, k⊥) (uˆiuˆj − vˆivˆj)
− 1
6
fˆg/A(x, k⊥) (uˆiuˆj + vˆivˆj − 2 pˆipˆj)
]
, (42)
which is the gluon tensorial analogue of Eq. (18). When nucleon A moves along or opposite
the Zcm-axis this reduces to:
T g1 fˆg/A(x,k⊥) = ∆fˆ gT1/A(x,k⊥) = ∆N fˆ gT1/A(x, k⊥) (43)
in analogy to Eq. (20). Notice that, in this case, there is no ± sign on the r.h.s. of Eq. (43).
One can also show that the linear polarization T g1 is independent of any longitudinal
polarization of the nucleon, i.e.:
∆fˆ gT1/A = ∆fˆ
g
T1/A,SZ
= ∆fˆ gT1/+ , (44)
as in Eq. (21).
C. Quark and gluon fragmentation functions into unpolarized hadrons
As already mentioned in Section I, for the fragmentation process in general we define
Dˆ
λ
C
,λ′
C
λc,λ
′
c
(z,k⊥C) =
∑∫
X,λX
Dˆλ
C
,λ
X
;λc(z,k⊥C) Dˆ∗λ′C ,λX ;λ′c(z,k⊥C) . (45)
The analogous quantity for parton distributions can be found in Eq. (B2). Dˆλ
C
,λ
X
;λc is the
fragmentation amplitude describing the process c → C + X in which the parton c from
the elementary scattering ab → cd generates the detected final hadron C, with light-cone
momentum fraction z and transverse momentum k⊥C . If we denote by φ
H
C the azimuthal
angle of the hadron C in the parton c helicity frame, we have
Dˆλ
C
,λ
X
;λc(z,k⊥C) = DλC ,λX ;λc(z, k⊥C) eiλcφ
H
C , (46)
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similarly to Eq. (B4) for parton distribution amplitudes. Eqs. (45) and (46) then give the
generalized fragmentation function
Dˆ
λ
C
,λ′
C
λc,λ
′
c
(z,k⊥C) = D
λ
C
,λ′
C
λc,λ
′
c
(z, k⊥C) e
i(λc−λ
′
c)φ
H
C , (47)
while the corresponding generalized distribution function is given in Eq. (B5).
If hadron C is unpolarized, the generalized fragmentation function Dˆ simply becomes
Dˆ
C/c
λc,λ
′
c
(z,k⊥C) =
∑
λ
C
Dˆ
λ
C
,λ
C
λc,λ
′
c
(z,k⊥C) = D
C/c
λc,λ
′
c
(z, k⊥C) e
i(λc−λ
′
c)φ
H
C , (48)
and fulfills the parity properties given by
D
C/c
−λc,−λ
′
c
(z, k⊥C) = (−1)2sc (−1)λc+λ′c DC/cλc,λ′c(z, k⊥C) . (49)
If parton c is a quark, sc = 1/2 and the helicities λc and λ
′
c will be either = +1/2 or −1/2,
whereas if parton c is a gluon, sc = 1 and λc and λ
′
c will be either = +1 or −1.
Quark fragmentation functions
For quarks, from Eqs. (45), (48) and (49) we obtain the following relations
Dˆ
C/q
++ (z,k⊥C) = D
C/q
++ (z, k⊥C) ≡ DˆC/q(z, k⊥C)
Dˆ
C/q
−− (z,k⊥C) = Dˆ
C/q
++ (z,k⊥C) (50)
for equal helicity indices, and
Dˆ
C/q
+− (z,k⊥C) = D
C/q
+− (z, k⊥C) e
iφH
C = −DC/q−+ (z, k⊥C) eiφHC
Dˆ
C/q
−+ (z,k⊥C) = D
C/q
−+ (z, k⊥C) e
−iφH
C = −DC/q+− (z, k⊥C) e−iφHC (51)
[D
C/q
+− (z, k⊥C)]
∗
= −DC/q+− (z, k⊥C)
for unequal helicity indices.
DˆC/q(z, k⊥C) is the k⊥C dependent fragmentation function describing the hadronization
of an unpolarized quark q into an unpolarized hadron C. Notice that it does not actually
depend on the direction of k⊥C , but only on its modulus. When integrated over the intrinsic
transverse momentum, this function gives us the usual unpolarized fragmentation function
DC/c(z), see Eq. (6),
DC/q(z) =
1
2
∑
λq
∫
d2k⊥C Dˆ
C/q
λq ,λq
(z,k⊥C) . (52)
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Eqs. (51) tell us that the fragmentation function D
C/q
+− (z, k⊥C) is an independent purely
imaginary quantity. It is related to the Collins quark fragmentation function by the following
expression:
−2iDC/q+− (z, k⊥C) = 2 ImDC/q+− (z, k⊥C) ≡ ∆NDˆC/q↑(z, k⊥C) , (53)
and gives the difference between the number densities of unpolarized hadrons C resulting
from the fragmentation of a quark q polarized along the +y-direction and a quark polarized
along the −y-direction, in the quark helicity frame in which the fragmentation process occurs
in the (xz) plane. In general one has, analogously to Eq. (16) for the Sivers function,
∆DˆC/q,s (z,k⊥C) = DˆC/q,s (z,k⊥C)− DˆC/q,−s (z,k⊥C)
= ∆NDˆC/q↑ (z, k⊥C) (pˆq × kˆ⊥C) · Pˆ
q
. (54)
If Pˆ
q
points along the yˆ-direction Eq. (54) reads, in analogy to Eq. (17):
∆DˆC/q,sy (z,k⊥C) = DˆC/q,sy (z,k⊥C)− DˆC/q,−sy (z,k⊥C)
= ∆NDˆC/q↑ (z, k⊥C) cosφ
H
C , (55)
consistently with Eq. (48). The explicit expression of φHC in terms of the overall hadronic
variables, in the AB c.m. frame, can be found in Eq. (45) of Ref. [2] and in Appendix A,
Eq. (A28).
Gluon fragmentation functions
The gluon fragmentation functions with equal helicity indices obey the same parity rules
(50) as the quark ones:
Dˆ
C/g
++ (z,k⊥C) = D
C/g
++ (z, k⊥C) ≡ DˆC/g(z, k⊥C)
Dˆ
C/g
−− (z,k⊥C) = Dˆ
C/g
++ (z,k⊥C) ; (56)
however, as implied by Eq. (49), a different sign, with respect to the quark case (51), appears
in the parity relations for the generalized gluon fragmentation functions with unequal helicity
indices:
Dˆ
C/g
+− (z,k⊥C) = D
C/g
+− (z, k⊥C) e
2iφH
C = D
C/g
−+ (z, k⊥C) e
2iφH
C
Dˆ
C/g
−+ (z,k⊥C) = D
C/g
−+ (z, k⊥C) e
−2iφH
C = D
C/g
+− (z, k⊥C) e
−2iφH
C (57)
[D
C/g
+− (z, k⊥C)]
∗
= D
C/g
+− (z, k⊥C) .
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The above equations show that D
C/g
+− (z, k⊥C) is an independent, real quantity. Notice that
the gluon Collins fragmentation function cannot exist, since there is not such an object as
a transversely spin polarized real gluon. However, similarly to what happens for the gluon
parton distributions, the fragmentation functionD
C/g
+− (z, k⊥C) is related to the fragmentation
process into a spinless hadron C of a linearly polarized gluon. In analogy to Eq. (53) we
have
2D
C/g
+− (z, k⊥C) = 2ReD
C/g
+− (z, k⊥C) ≡ ∆NDˆC/T g
1
(z, k⊥C) , (58)
which gives the difference between the number densities of unpolarized hadrons C resulting
from the fragmentation of a gluon linearly polarized along the x-direction and a gluon lin-
early polarized along the y-direction, in the gluon helicity frame in which the fragmentation
process occurs in the (xz) plane.
III. KERNELS
As we can see from Eq. (1), the computation of the cross section corresponding to any po-
larized hadronic process (A, SA)+(B, SB)→ C+X requires the evaluation and integration,
for each elementary process a+ b→ c+ d, of the general kernel
Σ(SA, SB)
ab→cd =
∑
{λ}
ρ
a/A,SA
λa,λ
′
a
fˆa/A,SA(xa,k⊥a) ρ
b/B,SB
λ
b
,λ′
b
fˆb/B,SB(xb,k⊥b) (59)
× Mˆλc,λd;λa,λb Mˆ∗λ′c,λd;λ′a,λ′b Dˆ
λ
C
,λ
C
λc,λ
′
c
(z,k⊥C) .
Whereas the hadronic process (A, SA) + (B, SB) → C + X takes place, according to
our choice, in the (XZ)cm plane, all the elementary processes involved, A(B) → a(b) +X,
ab → cd and c → C + X do not, since all parton and hadron momenta, pa, pb, pC have
transverse components k⊥a, k⊥b, k⊥C . This “out of (XZ)cm plane” geometry induces in the
fragmentation process the phase given in Eq. (48) and, in the distribution functions, the
phase appearing in Eq. (B5).
Analogously, the elementary QCD process ab → cd, whose helicity amplitudes are well
known in the ab center of mass frame, is not, in general, a planar process anymore when
observed from the AB center of mass frame, the laboratory frame, where we are performing
our computations. However, we can go from the actual pa pb → pc pd configuration, as seen
in the laboratory frame, to the canonical one in which the ab → cd process takes place
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in the ab c.m. frame and in the (XZ)cm plane, by performing one boost and appropriate
rotations, as described in full detail in Ref. [2]. These transformations introduce some highly
non trivial phases in the helicity amplitudes Mˆλc,λd;λa,λb, which are the direct consequence of
the complicated non planar kinematics. The relation between these amplitudes (which we
need in our computations) and the usual, canonical amplitudes Mˆ0, defined in the partonic
ab→ cd c.m. frame, is the following [2]
Mˆλc,λd;λa,λb= Mˆ
0
λc,λd;λa,λb
e−i(λaξa+λbξb−λcξc−λdξd) e−i[(λa−λb)ξ˜a−(λc−λd)ξ˜c] ei(λa−λb)φ
′′
c (60)
with ξj, ξ˜j (j = a, b, c, d) and φ
′′
c defined in Eqs. (35-42) of Ref. [2] and in Appendix A. The
parity properties of the canonical c.m. amplitudes Mˆ0 are the usual ones:
Mˆ0−λc,−λd;−λa,−λb
= ηa ηb ηc ηd (−1)sa+sb−sc−sd (−1)(λa−λb)−(λc−λd) Mˆ0λc,λd;λa,λb , (61)
where ηi is the intrinsic parity factor for particle i. For massless partons there are only
three independent elementary amplitudes Mˆ0 corresponding to the ab → cd processes we
are interested in; this allows us to adopt the following notation
Mˆ++;++ ≡ Mˆ01 eiϕ1
Mˆ−+;−+ ≡ Mˆ02 eiϕ2 (62)
Mˆ−+;+− ≡ Mˆ03 eiϕ3 ,
where Mˆ01 , Mˆ
0
2 and Mˆ
0
3 are defined as
Mˆ0+,+;+,+ ≡ Mˆ01 Mˆ0−,+;−,+ ≡ Mˆ02 Mˆ0−,+;+,− ≡ Mˆ03 , (63)
and the phases ϕ1, ϕ2 and ϕ3 are given by replacing in Eq. (60) the appropriate value for
the helicities λi, i = a, b, c, d. Indeed, the + and − subscripts refer to (+1/2) and (−1/2)
helicities for quarks, and to (+1) and (−1) helicities for gluons.
All other amplitudes are obtained from Eqs. (60), (62) and (63), exploiting the parity
properties (61); notice that the presence of the phases ϕj implies that the parity relations
for the amplitudes Mˆ are not as simple as those for the Mˆ0. From Lorentz and rotational
invariance properties [4] one can obtain the following useful expressions relating the canonical
amplitudes for processes which only differ by the exchange of the two initial partons, a↔ b,
or of the two final partons, c↔ d:
Mˆ0, ba→cdλc,λd;λb,λa
(θ) = Mˆ0, ab→cdλc,λd;λa,λb
(π − θ) e−ipi(λc−λd) (64)
Mˆ0, ab→dcλ
d
,λc;λa,λb
(θ) = Mˆ0, ab→cdλc,λd;λa,λb
(π − θ) e−ipi(λa−λb) , (65)
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where the scattering angle θ is defined in the canonical partonic c.m. frame. To be precise,
the above relationships hold up to an overall, helicity independent, phase; since only bilinear
combinations of the amplitudes occurr in the expressions for physical observables, we fix such
a phase to be +1.
There are eight elementary contributions ab→ cd which we have to consider separately
qaqb → qcqd , gagb → gcgd ,
qg → qg , gq → gq ,
qg → gq , gq → qg , (66)
gagb → qq¯ , qq¯ → gcgd ,
where q can in general be either a quark or an antiquark. The subscripts a, b, c, d for
quarks, when necessary, identify the flavour (only in processes where different flavours can be
present); for gluons, these labels identify the corresponding hadron (a→ A, b→ B, c→ C).
By performing the explicit sums in Eq. (59), we obtain the kernels for each of the elementary
processes. Note that the new aspect of our calculation is the oppearance of the phases
which is a reflection of the noncollinear kinematics. For convenience we also give explicit
expressions for the combination of the partonic c.m. amplitudes Mˆ0j which are needed.
1) qaqb → qcqd processes
Σ(SA, SB)
qaqb→qcqd =
1
2
DˆC/c(z, k⊥C) fˆa/SA(xa,k⊥a) fˆb/SB(xb,k⊥b)×{(
|Mˆ01 |2 + |Mˆ02 |2 + |Mˆ03 |2
)
+ P az P
b
z
(
|Mˆ01 |2 − |Mˆ02 |2 − |Mˆ03 |2
)
+ 2Mˆ02 Mˆ
0
3
[(
P ax P
b
x + P
a
y P
b
y
)
cos(ϕ3 − ϕ2)−
(
P ax P
b
y − P ay P bx
)
sin(ϕ3 − ϕ2)
]}
− 1
2
∆NDˆC/c↑(z, k⊥C) fˆa/SA(xa,k⊥a) fˆb/SB(xb,k⊥b)× (67){
Mˆ01 Mˆ
0
2
[
P ax sin(ϕ1 − ϕ2 + φHC )− P ay cos(ϕ1 − ϕ2 + φHC )
]
+ Mˆ01 Mˆ
0
3
[
P bx sin(ϕ1 − ϕ3 + φHC )− P by cos(ϕ1 − ϕ3 + φHC )
]}
,
where (including color factors)
|Mˆ01 |2 =
8
9
g4s
[
sˆ2
tˆ2
+ δab
(
sˆ2
uˆ2
− 2
3
sˆ2
tˆuˆ
)]
|Mˆ02 |2 =
8
9
g4s
uˆ2
tˆ2
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|Mˆ03 |2 = δab
8
9
g4s
tˆ2
uˆ2
Mˆ01 Mˆ
0
2 =
8
9
g4s
(
− sˆuˆ
tˆ2
+ δab
1
3
sˆ
tˆ
)
(68)
Mˆ01 Mˆ
0
3 = δab
8
9
g4s
(
sˆtˆ
uˆ2
− 1
3
sˆ
uˆ
)
Mˆ02 Mˆ
0
3 = δab
8
27
g4s
if qa, qb, qc and qd are either all quarks or all anti-quarks, and
|Mˆ01 |2 = δac
8
9
g4s
sˆ2
tˆ2
|Mˆ02 |2 =
8
9
g4s
(
δab
uˆ2
sˆ2
+ δac
uˆ2
tˆ2
− δab δac 2
3
uˆ2
sˆtˆ
)
|Mˆ03 |2 = δab
8
9
g4s
tˆ2
sˆ2
Mˆ01 Mˆ
0
2 =
8
9
g4s δac
(
− sˆuˆ
tˆ2
+ δab
1
3
uˆ
tˆ
)
(69)
Mˆ01 Mˆ
0
3 = δab δac
8
27
g4s Mˆ
0
2 Mˆ
0
3 =
8
9
g4s δab
(
uˆtˆ
sˆ2
− δac1
3
uˆ
sˆ
)
for any combination of the type qaq¯b → qcq¯d.
2) qg → qg processes
Σ(SA, SB)
qg→qg =
1
2
DˆC/q(z, k⊥C) fˆq/SA(xa,k⊥a) fˆg/SB(xb,k⊥b)×{(
|Mˆ01 |2 + |Mˆ02 |2
)
+ P qz P
g
z
(
|Mˆ01 |2 − |Mˆ02 |2
)}
− 1
2
∆NDˆC/q↑(z, k⊥C) fˆq/SA(xa,k⊥a) fˆg/SB(xb,k⊥b)× (70){
Mˆ01 Mˆ
0
2
[
P qx sin(ϕ1 − ϕ2 + φHC )− P qy cos(ϕ1 − ϕ2 + φHC )
]}
.
In this case the amplitude Mˆ03 is zero because it violates helicity conservation, and
|Mˆ01 |2 =
8
9
g4s
(
− sˆ
uˆ
+
9
4
sˆ2
tˆ2
)
|Mˆ02 |2 =
8
9
g4s
(
− uˆ
sˆ
+
9
4
uˆ2
tˆ2
)
Mˆ01 Mˆ
0
2 =
8
9
g4s
(
−1 + 9
4
uˆsˆ
tˆ2
)
.
(71)
3) gq → qg processes
Σ(SA, SB)
gq→qg =
1
2
DˆC/q(z, k⊥C) fˆg/SA(xa,k⊥a) fˆq/SB(xb,k⊥b)×{(
|Mˆ01 |2 + |Mˆ03 |2
)
+ P gz P
q
z
(
|Mˆ01 |2 − |Mˆ03 |2
)}
− 1
2
∆NDˆC/q↑(z, k⊥C) fˆg/SA(xa,k⊥a) fˆq/SB(xb,k⊥b)× (72){
Mˆ01 Mˆ
0
3
[
P qx sin(ϕ1 − ϕ3 + φHC )− P qy cos(ϕ1 − ϕ3 + φHC )
]}
,
where now the amplitude Mˆ02 is zero because of QCD helicity conservation and the ampli-
tudes [Mˆ01 ]gq→qg and [Mˆ
0
3 ]gq→qg can be obtained from [Mˆ
0
1 ]qg→qg and [Mˆ
0
2 ]qg→qg by applying
Eq. (64).
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4) qg → gq processes
Σ(SA, SB)
qg→gq =
1
2
DˆC/g(z, k⊥C) fˆq/SA(xa,k⊥a) fˆg/SB (xb,k⊥b)×{(
|Mˆ01 |2 + |Mˆ03 |2
)
+ P qz P
g
z
(
|Mˆ01 |2 − |Mˆ03 |2
)}
+
1
2
∆NDˆC/T g
1
(z, k⊥C) fˆq/SA(xa,k⊥a) fˆg/SB(xb,k⊥b)× (73){
Mˆ01 Mˆ
0
3
[
T g1 cos(ϕ1 − ϕ3 + 2φHC ) + T g2 sin(ϕ1 − ϕ3 + 2φHC )
]}
,
where again the amplitude Mˆ02 is zero because of helicity conservation and the amplitudes
[Mˆ01 ]qg→gq and [Mˆ
0
3 ]qg→gq can be obtained from [Mˆ
0
1 ]qg→qg and [Mˆ
0
2 ]qg→qg by applying Eq. (65).
5) gq → gq processes
Σ(SA, SB)
gq→gq =
1
2
DˆC/g(z, k⊥C) fˆg/SA(xa,k⊥a) fˆq/SB(xb,k⊥b)×{(
|Mˆ01 |2 + |Mˆ02 |2
)
+ P gz P
q
z
(
|Mˆ01 |2 − |Mˆ02 |2
)}
+
1
2
∆NDˆC/T g
1
(z, k⊥C) fˆg/SA(xa,k⊥a) fˆq/SB(xb,k⊥b)× (74){
Mˆ01 Mˆ
0
2
[
T g1 cos(ϕ1 − ϕ2 + 2φHC ) + T g2 sin(ϕ1 − ϕ2 + 2φHC )
]}
,
where the amplitude Mˆ03 is zero because it violates helicity conservation and the amplitudes
[Mˆ01 ]gq→gq and [Mˆ
0
2 ]gq→gq can be obtained from [Mˆ
0
1 ]gq→qg and [Mˆ
0
3 ]gq→qg by applying Eq. (65).
6) qq¯ → gcgd processes
Σ(SA, SB)
qq¯→gcgd =
1
2
DˆC/g(z, k⊥C) fˆq/SA(xa,k⊥a) fˆq¯/SB(xb,k⊥b)×{
(1− P qz P q¯z )
(
|Mˆ02 |2 + |Mˆ03 |2
)
(75)
+ 2Mˆ02 Mˆ
0
3
[(
P qx P
q¯
x + P
q
y P
q¯
y
)
cos(ϕ3 − ϕ2)−
(
P qx P
q¯
y − P qy P q¯x
)
sin(ϕ3 − ϕ2)
]}
,
where the amplitude Mˆ01 is zero because of helicity conservation and
|Mˆ02 |2 =
64
27
g4s
(
uˆ
tˆ
− 9
4
uˆ2
sˆ2
)
|Mˆ03 |2 =
64
27
g4s
(
tˆ
uˆ
− 9
4
tˆ2
sˆ2
)
(76)
Mˆ02 Mˆ
0
3 =
64
27
g4s
(
1− tˆuˆ
sˆ2
)
.
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The expression for q¯q → gg is obtained from (75) with the replacements q ↔ q¯ and ϕ2 ↔ ϕ3.
7) gagb → qq¯ processes
Σ(SA, SB)
gagb→qq¯ =
1
2
DˆC/q(z, k⊥C) fˆg/SA(xa,k⊥a) fˆg/SB(xb,k⊥b)×{(
1− P az P bz
) (
|Mˆ02 |2 + |Mˆ03 |2
)
(77)
+ 2Mˆ02 Mˆ
0
3
[(
T a1 T b1 + T a2 T b2
)
cos(ϕ3 − ϕ2)−
(
T a1 T b2 − T a2 T b1
)
sin(ϕ3 − ϕ2)
]}
,
and the relevant amplitudes are the same as in Eq. (76), multiplied by the factor 9/64. The
expression for gg → q¯q is obtained from Eq. (77) with the replacements q ↔ q¯ and ϕ2 ↔ ϕ3.
8) gagb → gcgd processes
Σ(SA, SB)
gagb→gcgd =
1
2
DˆC/g(z, k⊥C) fˆg/SA(xa,k⊥a) fˆg/SB(xb,k⊥b)×{(
|Mˆ01 |2 + |Mˆ02 |2 + |Mˆ03 |2
)
+ P az P
b
z
(
|Mˆ01 |2 − |Mˆ02 |2 − |Mˆ03 |2
)
+ 2Mˆ02 Mˆ
0
3
[(
T a1 T b1 + T a2 T b2
)
cos(ϕ3 − ϕ2) +
(
T a2 T b1 + T a1 T b2
)
sin(ϕ3 − ϕ2)
]}
+
1
2
∆NDˆC/T g
1
(z, k⊥C) fˆg/SA(xa,k⊥a) fˆg/SB(xb,k⊥b)× (78){
Mˆ01 Mˆ
0
2
[
T a1 cos(ϕ1 − ϕ2 + 2φHC ) + T a2 sin(ϕ1 − ϕ2 + 2φHC )
]
+ Mˆ01 Mˆ
0
3
[
T b1 cos(ϕ1 − ϕ3 + 2φHC ) + T b2 sin(ϕ1 − ϕ3 + 2φHC )
]}
,
where
|Mˆ01 |2 =
9
2
g4s sˆ
2
(
1
tˆ2
+
1
uˆ2
+
1
tˆuˆ
)
|Mˆ02 |2 =
9
2
g4s
uˆ2
sˆ2
(
1 +
uˆ
tˆ
+
uˆ2
tˆ2
)
|Mˆ03 |2 =
9
2
g4s
tˆ2
sˆ2
(
1 +
tˆ
uˆ
+
tˆ2
uˆ2
)
Mˆ01 Mˆ
0
2 =
9
2
g4s
(
1 +
uˆ
tˆ
+
uˆ2
tˆ2
)
(79)
Mˆ01 Mˆ
0
3 =
9
2
g4s
(
1 +
tˆ
uˆ
+
tˆ2
uˆ2
)
Mˆ02 Mˆ
0
3 =
9
2
g4s
1
sˆ2
(
uˆ2 + tˆ2 + uˆtˆ
)
.
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IV. POLARIZED CROSS SECTION AND SPIN ASYMMETRIES
Knowing the kernels Σ(SA, SB), we could now proceed with the computation of any polar-
ized cross section and spin asymmetry, according to our spin and k⊥ dependent factorization
scheme,
EC dσ
(A,SA)+(B,SB)→C+X
d3pC
=
∑
a,b,c,d
∫
dxa dxb dz
16π2xaxbz2s
d2k⊥a d
2k⊥b d
3k⊥C δ(k⊥C · pˆc) J(k⊥C)
× Σ(SA, SB)ab→cd(xa, xb, z,k⊥a,k⊥b,k⊥C) δ(sˆ+ tˆ+ uˆ) , (80)
where the sum over all kinds of partons leads to the 8 kernels Σ(SA, SB) explicitely given in
Eqs. (67)–(79).
In the remaining of the paper we shall consider the unpolarized cross section and the
transverse single spin asymmetry AN and show numerically how much different effects can
contribute to their values. The single spin asymmetry AN , measured in p
↑p→ πX scatter-
ings, is defined as
AN =
dσ↑ − dσ↓
dσ↑ + dσ↓
, (81)
and requires the evaluation and integration of the quantities Σ(↑, 0) − Σ(↓, 0) in the nu-
merator, and Σ(↑, 0) + Σ(↓, 0) in the denominator. Indeed, the difference and sum of these
kernels have to be evaluated for each elementary process ab → cd: we shall explicitly show
the analytical formulae corresponding to four channels only, which serve as examples; all
the other contributions can be straightforwardly computed in a similar way.
For the numerator of the single spin asymmetry, for the process A↑B → C X, we consider
explicitely the following channels:
N-a) qaqb → qcqd
[Σ(↑, 0)− Σ(↓, 0)]qaqb→qcqd =
1
2
∆fˆa/A↑(xa,k⊥a) fˆb/B(xb, k⊥b)
[
|Mˆ01 |2 + |Mˆ02 |2 + |Mˆ03 |2
]
DˆC/c(z, k⊥C)
+ 2
[
∆−fˆasy/↑(xa,k⊥a) cos(ϕ3 − ϕ2)−∆fˆasx/↑(xa,k⊥a) sin(ϕ3 − ϕ2)
]
×∆fˆ bsy/B(xb,k⊥b) Mˆ02 Mˆ03 DˆC/c(z, k⊥C) (82)
+
[
∆−fˆasy/↑(xa,k⊥a) cos(ϕ1 − ϕ2 + φHC )−∆fˆasx/↑(xa,k⊥a) sin(ϕ1 − ϕ2 + φHC )
]
× fˆb/B(xb, k⊥b) Mˆ01 Mˆ02 ∆NDˆC/c↑(z, k⊥C)
+
1
2
∆fˆa/A↑(xa,k⊥a)∆fˆ
b
sy/B(xb,k⊥b) cos(ϕ1 − ϕ3 + φHC ) Mˆ01 Mˆ03 ∆NDˆC/c↑(z, k⊥C)
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N-b) qq¯ → gcgd
[Σ(↑, 0)− Σ(↓, 0)]qq¯→gcgd =
1
2
∆fˆq/A↑(xq,k⊥q) fˆq¯/B(xq¯, k⊥q¯)
[
|Mˆ02 |2 + |Mˆ03 |2
]
DˆC/g(z, k⊥C)
+ 2
[
∆−fˆ qsy/↑(xq,k⊥q) cos(ϕ3 − ϕ2)−∆fˆ qsx/↑(xq,k⊥q) sin(ϕ3 − ϕ2)
]
×∆fˆ q¯sy/B(xq¯,k⊥q¯) Mˆ02 Mˆ03 DˆC/g(z, k⊥C) (83)
N-c) qg → qg
[Σ(↑, 0)− Σ(↓, 0)]qg→qg =
1
2
∆fˆq/A↑(xq,k⊥q) fˆg/B(xg, k⊥g)
[
|Mˆ01 |2 + |Mˆ02 |2
]
DˆC/q(z, k⊥C)
+
[
∆−fˆ qsy/↑(xq,k⊥q) cos(ϕ1 − ϕ2 + φHC )−∆fˆ qsx/↑(xq,k⊥q) sin(ϕ1 − ϕ2 + φHC )
]
× fˆg/B(xg, k⊥g) Mˆ01 Mˆ02 ∆NDˆC/q↑(z, k⊥C) (84)
N-d) gagb → gcgd
[Σ(↑, 0)− Σ(↓, 0)]gagb→gcgd =
1
2
∆fˆg/A↑(xa,k⊥a) fˆg/B(xb, k⊥b)
[
|Mˆ01 |2 + |Mˆ02 |2 + |Mˆ03 |2
]
DˆC/g(z, k⊥C)
+ 2
[
∆−fˆ gT1/↑(xa,k⊥a) cos(ϕ3 − ϕ2) + ∆fˆ gT2/↑(xa,k⊥a) sin(ϕ3 − ϕ2)
]
×∆fˆ gT1/B(xb,k⊥b) Mˆ02 Mˆ03 DˆC/g(z, k⊥C) (85)
+
[
∆−fˆ gT1/↑(xa,k⊥a) cos(ϕ1 − ϕ2 + 2φHC ) + ∆fˆ gT2/↑(xa,k⊥a) sin(ϕ1 − ϕ2 + 2φHC )
]
× fˆg/B(xb, k⊥b) Mˆ01 Mˆ02 ∆NDˆC/T g1 (z, k⊥C)
+
1
2
∆fˆg/A↑(xa,k⊥a)∆fˆ
g
T1/B
(xb,k⊥b) cos(ϕ1 − ϕ3 + 2φHC ) Mˆ01 Mˆ03 ∆NDˆC/T g
1
(z, k⊥C) .
The above 4 cases have been obtained respectively from the kernels in Eqs. (67), (75),
(74) and (78), taking into account that
P ax fˆa/↑ = −P ax fˆa/↓ T g2 fˆg/↑ = −T g2 fˆg/↓
P ay fˆa/↑ − P ay fˆa/↓ = 2∆−fˆsy/↑ T g1 fˆg/↑ − T g1 fˆg/↓ = 2∆−fˆ gT1/↑
P bx fˆb/B = ∆fˆsx/B = 0 P
b
z fˆb/B = ∆fˆsz/B = 0 T g2 fˆg/B = ∆fˆT2/B = 0
as one can see from Eqs. (B23), (B46), (B14), (B13) and (B40).
Let us inspect Eq. (82), which has an immediate partonic interpretation. The first line
contains the Sivers effect, where the Sivers distribution function for quark a appears in
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association with the unpolarized parton distribution function (PDF) for quark b, with the
unpolarized elementary cross section and with the unpolarized fragmentation function (FF)
for quark c ; the second and third lines correspond to the Boer-Mulders effect, in which the
Boer-Mulders PDF for quark b is convoluted with a complicated combination of distribution
functions for quark a which, once integrated over the intrinsic transverse momentum k⊥a,
is somehow related to the transversity function ∆T q(xa) or h
a
1(xa), and the unpolarized FF
for quark c ; the fourth and fifth lines contain the Collins term, coupled to transversity
distributions, which was already extensively discussed in Ref. [2] (notice that, exploiting
Eqs. (60), (62) and (B25), one can explicitely show that this term exactly agrees with that
in Eq. (56) of Ref. [2]); finally the sixth line contains a “mixed” term in which all three
effects (Sivers⊗Boer-Mulders⊗Collins) appear together.
Notice that Eq. (85), corresponding to gg → gg elementary scattering, has the same
structure as Eq. (82), related to qq → qq elementary channel: while the Sivers function can
be defined also for gluons (first line) the other terms correspond to linearly polarized gluons
inside an unpolarized hadron (“Boer-Mulders-like”), to distributions of linearly polarized
gluons inside a transversely polarized hadron (“transversity-like”) and to the fragmentation
of linearly polarized gluons into an unpolarized hadron (“Collins-like”).
In Eqs. (83) and (84), related respectively to qq¯ → gg and qg → qg elementary scatter-
ings, one can recognise the Sivers contribution (first line), the (transversity⊗Boer-Mulders)
[second and third lines of Eq. (83)] and the (transversity⊗Collins) [second and third lines
of Eq. (84)] effects.
Concerning the denominator of the single spin asymmetry, dσ↑ + dσ↓ = 2 dσunp, the
relevant quantity we have to calculate is [Σ(↑, 0)+Σ(↓, 0)] for each partonic process ab→ cd.
We present explicit results for the same channels we have considered above.
D-a) qaqb → qcqd
[Σ(↑, 0) + Σ(↓, 0)]qaqb→qcqd =
fˆa/A(xa, k⊥a) fˆb/B(xb, k⊥b)
[
|Mˆ01 |2 + |Mˆ02 |2 + |Mˆ03 |2
]
DˆC/c(z, k⊥C)
+ 2∆fˆasy/A(xa,k⊥a)∆fˆ
b
sy/B(xb,k⊥b) cos(ϕ3 − ϕ2) Mˆ02 Mˆ03 DˆC/c(z, k⊥C) (86)
+
[
fˆa/A(xa, k⊥a)∆fˆ
b
sy/B(xb,k⊥b) cos(ϕ1 − ϕ3 + φHC ) Mˆ01 Mˆ03
+ ∆fˆasy/A(xa,k⊥a) fˆb/B(xb, k⊥b) cos(ϕ1 − ϕ2 + φHC ) Mˆ01Mˆ02
]
∆NDˆC/c↑(z, k⊥C)
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D-b) qq¯ → gcgd
[Σ(↑, 0) + Σ(↓, 0)]qq¯→gcgd =
fˆq/A(xq, k⊥q) fˆq¯/B(xq¯, k⊥q¯)
[
|Mˆ02 |2 + |Mˆ03 |2
]
DˆC/g(z, k⊥C) (87)
+ 2∆fˆ qsy/A(xq,k⊥q)∆fˆ
q¯
sy/B
(xq¯,k⊥q¯) cos(ϕ3 − ϕ2) Mˆ02 Mˆ03 DˆC/g(z, k⊥C)
D-c) qg → qg
[Σ(↑, 0) + Σ(↓, 0)]qg→qg =
fˆq/A(xq, k⊥q) fˆg/B(xg, k⊥g)
[
|Mˆ01 |2 + |Mˆ02 |2
]
DˆC/q(z, k⊥C)
+ ∆fˆ qsy/A(xq,k⊥q) fˆg/B(xg, k⊥g) cos(ϕ1 − ϕ2 + φHC ) Mˆ01 Mˆ02 ∆NDˆC/q↑(z, k⊥C) (88)
D-d) gagb → gcgd
[Σ(↑, 0) + Σ(↓, 0)]gagb→gcgd =
fˆg/A(xa, k⊥a) fˆg/B(xb, k⊥b)
[
|Mˆ01 |2 + |Mˆ02 |2 + |Mˆ03 |2
]
DˆC/g(z, k⊥C)
+ 2∆fˆaT1/A(xa,k⊥a)∆fˆ
b
T1/B
(xb,k⊥b) cos(ϕ3 − ϕ2) Mˆ02 Mˆ03 DˆC/g(z, k⊥C) (89)
+
[
fˆg/A(xa, k⊥a)∆fˆ
b
T1/B
(xb,k⊥b) cos(ϕ1 − ϕ3 + 2φHC ) Mˆ01 Mˆ03
+ ∆fˆaT1/A(xa,k⊥a) fˆg/B(xb, k⊥b) cos(ϕ1 − ϕ2 + 2φHC ) Mˆ01 Mˆ02
]
∆NDˆC/T g
1
(z, k⊥C) .
As for the asymmetry numerator, Eqs. (86) and (89), corresponding respectively to the
elementary scatterings qq → qq and gg → gg, have the same overall structure. In this case,
the first line corresponds to the usual unpolarized term, the second line to a double Boer-
Mulders (or “Boer-Mulders-like”) effect, whereas the third and fourth lines contain a mixed
term in which the Boer-Mulders and Collins (or “Boer-Mulders-like” and “Collins-like”)
effects appear together. Regarding the elementary qq¯ → gg and qg → qg channels, Eqs. (87)
and (88) show that there are two terms contributing to the unpolarized cross section: the
usual unpolarized term in both cases, the double Boer-Mulders effect for qq¯ → gg and the
mixed (Boer-Mulders⊗Collins) effect for qg → qg.
It might be surprising to notice that several spin and k⊥ dependent mechanisms could
also contribute to the unpolarized cross section. Their numerical relevance will be studied
in the next Section.
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V. NUMERICAL ESTIMATES OF MAXIMAL CONTRIBUTIONS OF SINGLE
TERMS
We have now explicit and comprehensive analytical formulae to compute cross sections
and spin asymmetries, coupling LO QCD interactions and soft physics; all this basic in-
formation is contained in the kernels, as given in Sections III and IV, to be inserted into
Eq. (80).
These kernels, their differences and sums, contain many unknown functions (the soft
part), which we have interpreted in terms of parton polarizations and distribution or frag-
mentation amplitudes; we also give their expressions according to the notations of the Am-
sterdam group (Appendix C). In summary, there are, for each kind of partons, 8 different
distribution functions and 2 fragmentation functions (into unpolarized hadrons). Out of
these, only the unpolarized PDF, the helicity distributions and the unpolarized fragmenta-
tion functions (at least for pions) can be considered as rather well known, from experimen-
tal information gathered in inclusive and semi-inclusive Deep Inelastic Scattering processes.
Some approximate information has been very recently extracted also on the quark Sivers
distribution [15–17] and Collins fragmentation functions [17].
This lack of information might induce the thought that any realistic evaluation of physical
observables, through the scheme of Eq. (80), is hopeless; nevertheless, such a scheme, in
simplified versions, has already been successfully used to compute transverse single spin
asymmetries [1, 9] and unpolarized cross sections [1]. Actually, its spin and k⊥ correlations
are unique in order to understand and predict many observed and measurable spin effects.
The way out of this worrying thought is naturally offered by the very structure of our
scheme and its exact kinematical formulation, and was already partially explored, concerning
the contribution of the Collins mechanism, in Ref. [2]. The many phases appearing in
the elementary interactions, due to the noncollinear configurations [see Eq. (60)], once the
integration over the non observable intrinsic motion is performed, lead to large cancellations
of most contributions from the new unknown functions. One can realize that looking, for
example, at Eq. (82) which shows the qq → qq contributions to the SSA AN . Apart from
the first line (the Sivers mechanism) all other terms contain the complicated ϕ1, ϕ2 and ϕ3
phases, whose integration almost completely cancel their numerical values.
These effects can be shown in a quantitative way. We have evaluated the different contri-
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butions to the SSA AN and to the unpolarized cross section, taking for each of the unknown
functions their upper bounds, originating from basic principles (like |P aj | ≤ 1). We have
indeed largely overestimated each single contribution. More precisely, we have adopted the
following strategy:
• We have followed Ref. [1], assuming a gaussian k⊥ dependence for all distribution
functions, with
√
〈k2⊥〉 = 0.8 GeV/c; the same k⊥C dependence as in Ref. [1] has
been assumed for the fragmentation functions. At relatively low pT the inclusion of
k⊥ effects might result in making one or more of the partonic Mandelstam variables
smaller than a typical hadronic scale. In this case perturbation theory would break
down. In order to avoid such a problem and extend our approach down to pT around
1-2 GeV/c, we have introduced a regulator mass, µ = 0.8 GeV, shifting all partonic
Mandelstam variables, that is
tˆ→ tˆ− µ2, uˆ→ uˆ− µ2, sˆ→ sˆ+ 2µ2 . (90)
Concerning the potential ambiguity in the behaviour of the strong coupling constant,
αs(Q
2), in the low Q2 regime, we adopt the prescription originally proposed by Shirkov
and Solovtsov [18]. As renormalization and factorization scales Q = pˆ∗T/2 is used,
where pˆ∗T is the transverse momentum of the fragmenting parton in the partonic c.m.
frame. A comprehensive study of these and related aspects can be found in Ref. [1].
We only stress that, even if the magnitude of each contribution to the unpolarized
cross sections, in particular at the smallest pT values, is sensitive to these choices,
their relative magnitudes (which are being studied here) are almost not affected at
all. Moreover, for the SSA AN (which is a ratio of cross sections) this dependence is
definitely strongly reduced.
• The unpolarized PDF have been taken from Ref. [19] and the fragmentation functions
from Ref. [20]. We have used Eq. (80), taking into account all its partonic contribu-
tions, and not only those shown as an example in Section IV.
• All unknown polarized distribution functions have been replaced with the correspond-
ing unpolarized distributions. In some cases this is certainly an overestimate: for the
transversity distribution it violates the Soffer bound [21].
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• The Sivers and Collins functions have been chosen saturating their positivity bounds:
∆N fˆa/A↑(xa, k⊥a) = 2 fˆa/A(xa, k⊥a) ∆
NDˆC/q↑(z, k⊥C) = 2 DˆC/q(z, k⊥C) . (91)
• Whenever different pieces could combine with different signs (e.g., Sivers or Collins
functions for different quark flavours), we have summed them assuming the same sign,
in order to avoid any kind of cancellations not resulting from phase space integrations.
Our results are shown in Figs. 1–5, and we shortly comment them.
Fig. 1 shows the different contributions to the unpolarized cross section, see Eqs. (86)–
(89) for guidance. Our numerical estimate is performed for p p → π0X, in the kinematical
region of the E704 experiment. Our result clearly proves that the usual contribution involv-
ing fa/A⊗ fb/B ⊗DC/c largely dominates; even assuming the polarized distributions as large
as the unpolarized ones and summing additively all of them, their final contributions to the
unpolarized cross section, after integration over all intrinsic k⊥, are at least one order of
magnitude smaller.
Fig. 2 shows again the different contributions to the unpolarized cross section, for p p→
π0X processes, in the kinematical region of the STAR experiment at RHIC. The dominance
of the usual fa/A ⊗ fb/B ⊗ DC/c term, in comparison with all other contributions, is clear
again; the second most important contribution, the Boer-Mulders⊗Collins term, is one
order of magnitude smaller.
In Fig. 3 we plot the different maximised contributions to AN , for the E704 experimental
configuration and p↑p → π+X processes, for which very large values of AN have been
measured [22]. One sees that the Sivers mechanism is largely dominant, that some effects
might originate from the Collins function and all other contributions are negligible. Notice
that while the Sivers effect is maximised only in the choice of the Sivers function, the Collins
contribution is maximised both in the choice of the Collins function and the transversity
distribution. We have shown separately the quark and gluon Sivers contribution; there
might be a negative xF region where one could eventually gain some information on the
(maximised) gluon Sivers function.
In Fig. 4 we plot the different maximised contributions to AN , for the kinematical region
of STAR-RHIC experiment, which also has measured non zero values of AN in p
↑p→ π0X
processes [23]. Again, the Sivers mechanism gives the largest contribution, some effects
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FIG. 1: Different contributions to the unpolarized cross section, plotted as a function of xF , for
p p→ pi0X processes and E704 kinematics, as indicated in the plot. The three curves correspond
to: solid line = usual unpolarized contribution; dashed line = Boer-Mulders ⊗ Collins; dotted line
= Boer-Mulders ⊗ Boer-Mulders.
might remain from the Collins mechanism and all other contributions are negligible. At
negative xF all contributions are vanishingly small.
In Fig. 5 we plot the different maximised contributions to AN , for the kinematical region
of the proposed PAX experiment at GSI [24], p↑p¯→ π+X. The situation is similar to that
for the E704 case, with the difference that there might be, at large negative xF , a region
where the (maximised) gluon Sivers function gives a sizeable contribution.
VI. CONCLUSIONS
We have discussed in great detail a QCD based hard scattering formalism to compute
unpolarized and polarized inclusive cross sections for the production of large pT particles
in hadronic interactions. In the absence of rigorous results, we have assumed a factorized
scheme in which long distance non perturbative physics and short distance pQCD interac-
tions are separated and convoluted; such a factorization has been proven in collinear QCD,
but has to be considered as a model when intrinsic motion of partons – effectively introduc-
ing higher-twist effects – is allowed for. This is the first study in which the intrinsic k⊥ of
all participating partons is taken into account. This intrinsic motion of partons, generated
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FIG. 2: Different contributions to the unpolarized cross section, plotted as a function of xF , for
p p → pi0X processes and STAR kinematics, as indicated in the plot. The 2 lines correspond to:
solid line = usual unpolarized contribution; dashed line = Boer-Mulders ⊗ Collins. The Boer-
Mulders ⊗ Boer-Mulders contribution is not even noticeable at the scale of the figure.
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FIG. 3: Different contributions to AN , plotted as a function of xF , for p
↑p → pi+X processes
and E704 kinematics. The different lines correspond to: solid line = quark Sivers mechanism
alone; dashed line = gluon Sivers mechanism alone; dotted line = transversity ⊗ Collins. All other
contributions are much smaller.
28
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  0.2  0.4  0.6  0.8  1
A N
xF
y = 4
√s = 200 GeV
(STAR)  pp -> pi0 X
FIG. 4: Different contributions to AN , plotted as a function of xF , for p
↑p → pi0X processes
and STAR kinematics. The different lines correspond to: solid line = quark Sivers mechanism
alone; dashed line = gluon Sivers mechanism alone; dotted line = transversity ⊗ Collins. All other
contributions are much smaller.
 0
 0.2
 0.4
 0.6
 0.8
 1
-1 -0.8 -0.6 -0.4 -0.2  0  0.2  0.4  0.6  0.8  1
A N
xF
pT = 2 GeV/c
√s = 14.14 GeV
(PAX)  pp -> pi+ X−
FIG. 5: Different contributions to AN , plotted as a function of xF , for p
↑p¯→ pi+X processes and
PAX kinematics, as indicated in the plot. The different lines correspond to: solid line = quark
Sivers mechanism alone; dashed line = gluon Sivers mechanism alone; dotted line = transversity ⊗
Collins. All other contributions are much smaller.
29
both by confinement and QCD dynamics, plays little or no role in unpolarized processes
at very large energy, when all relevant momenta are much higher than the average 〈k⊥〉; it
is however crucial in unpolarized processes at intermediate energies [1] and, even more so,
in the understanding of spin effects and polarized phenomena. For these, partonic spin–k⊥
correlations are of fundamental importance: an ever increasing number of spin experiments
and spin measurements is proving that [22, 23, 25].
Eq. (1) is our central point; it is essentially a QCD parton model, in which LO (in
αs) pQCD interactions couple to parton distribution and fragmentation functions; intrinsic
motion is fully taken into account in soft physics and in the elementary interactions. As it
is well known, this allows new soft partonic functions which would vanish in the collinear
limit; however, it also introduces in the hard partonic interactions many k⊥-dependent
phases, which strongly affect the convolution of the soft and hard parts. Luckily, it proves
that such complicated convolutions involving many phases and many soft functions, have the
simplifying result of strongly suppressing most contributions to (A, SA)+ (B, SB)→ C +X
inclusive processes. Concerning transverse single spin asymmetries AN , this leaves at work
essentially only one spin–k⊥ correlation, namely the Sivers mechanism [11]. This allows to
explain many measured and intriguing values of AN [1, 15].
We have fully discussed all soft functions, with attention to their physical partonic inter-
pretation, both in terms of polarized distribution and fragmentation functions and in terms
of the amplitudes relating partonic and hadronic properties. We have also explicitely shown
the exact relationships between different notations widely used in the literature; this should
help in understanding and using the k⊥-dependent factorized scheme. Then, we have numer-
ically shown the suppression of many contributions, both to the unpolarized cross section
and the SSA AN . This confirms and completes the work of Ref. [2].
Many more applications of Eq. (1), modified to hold for different processes, can easily be
foreseen. This has been done concerning the Sivers asymmetry in SIDIS processes [15] and
can be extended to the SIDIS Collins asymmetry [26]; single and double spin asymmetries in
single particle inclusive production and Drell-Yan processes can equally well be studied, and
so on. Some information on Sivers and Collins functions is already available from ongoing
experiments [25, 27] and more is expected; a consistent understanding and computation of
high energy spin effects, in the framework of a factorized QCD based model, is building up.
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APPENDIX A: DETAILED k⊥ KINEMATICS
We give here, for completeness and the reader’s convenience, a detailed account of the
partonic kinematics with the full inclusion of all transverse momenta, following Refs. [28]
and [1]. As throughout the paper, we consider the hadronic reaction AB → C X in the AB
center of mass frame with A moving along the positive Zcm-axis and we fix the scattering
plane as the (XZ)cm plane. We neglect all masses, both the hadronic and the partonic ones.
The 4-momenta of hadrons A,B,C then read
pµA =
√
s
2
(1, 0, 0, 1) pµB =
√
s
2
(1, 0, 0, −1) pµC = (EC , pT , 0, pL) , (A1)
with EC =
√
p2T + p
2
L and s = (pA + pB)
2.
For massless partons a, b inside hadrons A,B we introduce light-cone momentum fractions
xa = p
+
a /p
+
A = (p
0
a + p
3
a)/(p
0
A + p
3
A), xb = p
+
b /p
+
B = (p
0
b − p3b)/(p0B − p3B) and the transverse
momenta k⊥a, k⊥b. Their four-momenta then read
pµa = xa
√
s
2
(
1 +
k2⊥a
x2a s
,
2k⊥a
xa
√
s
cosφa,
2k⊥a
xa
√
s
sinφa, 1− k
2
⊥a
x2a s
)
pµb = xb
√
s
2
(
1 +
k2⊥b
x2b s
,
2k⊥b
xb
√
s
cosφb,
2k⊥b
xb
√
s
sinφb, −1 + k
2
⊥b
x2b s
)
, (A2)
where k⊥a,b = |k⊥a,b| and φa,b are the azimuthal angles of parton a, b three-momenta in the
hadronic c.m. frame.
The four-momentum of the fragmenting parton c is given in terms of the observed hadron
momentum pµC , of the light-cone momentum fraction z = p
+
C/p
+
c and of the transverse
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momentum k⊥C of hadron C with respect to parton c light-cone direction. In the hadronic
c.m. frame, we write in general k⊥C as:
k⊥C = k⊥C (sin θk⊥C cosφk⊥C , sin θk⊥C sinφk⊥C , cos θk⊥C ) , (A3)
and impose the orthogonality condition k⊥C · pc = 0 via the δ-function δ(k⊥C · pˆc), where
pˆc is the unit vector along the direction of motion of parton c. The parton four-momentum,
pµc = (Ec,pc), can then be written as
pc =
Ec√
E2C − k2⊥C
(pT − k⊥C sin θk⊥C cosφk⊥C , −k⊥C sin θk⊥C sin φk⊥C , pL − k⊥C cos θk⊥C )
Ec =
EC +
√
E2C − k2⊥C
2z
, (A4)
and the orthogonality condition k⊥C · pc = 0 implies
d3k⊥C δ(k⊥C · pˆc) = k⊥C dk⊥C dθk⊥C dφk⊥C
√
E2C − k2⊥C
pT sinφ0k⊥C
×
[
δ(φk⊥C − φ0k⊥C) + δ(φk⊥C − (2π − φ0k⊥C))
]
, (A5)
cos φ0k⊥C =
k⊥C − pL cos θk⊥C
pT sin θk⊥C
, 0 ≤ φ0k⊥C ≤ π . (A6)
This allows to perform directly the integration over φk⊥C (notice that there are two possible
solutions to be considered).
The factor J(z, k⊥C) entering our basic factorization formula, Eq. (1), is the Jacobian
factor connecting the parton c to hadron C invariant phase space, defined as
d3pc
Ec
=
1
z2
J(z, k⊥C)
d3pC
EC
, (A7)
which for collinear and massless particles reduces simply to J = 1. With intrinsic motion,
for massless partons and hadrons:
J(z, k⊥C) ≡ J(k⊥C) =
(
EC +
√
E2C − k2⊥C
)2
4 (E2C − k2⊥C)
· (A8)
With the expression of parton momenta given in Eqs. (A2) and (A4) one can calculate
the partonic Mandelstam invariants:
sˆ = (pa + pb)
2 = xaxbs
[
1− 2k⊥ak⊥b
xaxbs
cos(φa − φb) + k
2
⊥ak
2
⊥b
x2ax
2
bs
2
]
, (A9)
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tˆ = (pa − pc)2 = T
z
, (A10)
uˆ = (pb − pc)2 = U
z
, (A11)
sˆ δ(sˆ+ tˆ+ uˆ) = z δ
(
z +
T + U
sˆ
)
, (A12)
where
T = −xa
√
s
EC +
√
E2C − k2⊥C
2
√
E2C − k2⊥C
×
{(
1 +
k2⊥a
x2a s
)√
E2C − k2⊥C −
2k⊥a
xa
√
s
cosφa(pT − k⊥C sin θk⊥C cosφk⊥C )
+
2k⊥a
xa
√
s
k⊥C sin φa sin θk⊥C sinφk⊥C −
(
1− k
2
⊥a
x2a s
)
(pL − k⊥C cos θk⊥C )
}
(A13)
U = −xb
√
s
EC +
√
E2C − k2⊥C
2
√
E2C − k2⊥C
×
{(
1 +
k2⊥b
x2b s
)√
E2C − k2⊥C −
2k⊥b
xb
√
s
cosφb(pT − k⊥C sin θk⊥C cos φk⊥C)
+
2k⊥b
xb
√
s
k⊥C sinφb sin θk⊥C sinφk⊥C +
(
1− k
2
⊥b
x2b s
)
(pL − k⊥C cos θk⊥C )
}
. (A14)
The phase space integrations must obey some constraints, originating from physical re-
quests. Besides the trivial bounds 0 < xa,b, z < 1, 0 ≤ φa,b ≤ 2π and 0 ≤ θk⊥C ≤ π, we
require that, even including intrinsic transverse momentum effects, a) each parton keeps
moving along the same direction as its parent hadron, pa(b) · PA(B) > 0, and b) the parton
energy is not larger than the parent hadron energy, Ea(b) ≤ EA(B). This implies the following
bounds
k⊥a(b)/
√
s < min
[
xa(b),
√
xa(b)(1− xa(b))
]
. (A15)
Analogously, for the fragmentation process c → C + X we require pc · P C > 0 and
EC ≤ Ec (both fulfilled by Eq. (A4), where we have consistently disregarded the solution
Ec =
[
EC −
√
E2C − k2⊥C
]
/(2z)). The last constraint implies the following bound on k⊥C , at
fixed z values:
k⊥C/EC ≤ 1 (z ≤ 1/2) k⊥C/EC ≤ 2
√
z(1− z) (z > 1/2) . (A16)
By requiring | cosφ0k⊥C | ≤ 1, see Eq. (A6), we have a further constraint on k⊥C , at fixed
θk⊥C , namely
pL cos θk⊥C − pT sin θk⊥C ≤ k⊥C ≤ pL cos θk⊥C + pT sin θk⊥C . (A17)
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The partonic helicity amplitudes are computed according to Eqs. (60)–(62); the explicit
expressions, in terms of the Mandelstam variables, of the relevant combinations of the Mˆ0
amplitudes are given in Section III of the text. The phases ϕi are defined in Eq. (62). For
processes involving only quarks and antiquarks they read:
ϕ1 = −1
2
(ξa + ξb − ξc − ξd)
ϕ2 =
1
2
(ξa − ξb − ξc + ξd) + ξ˜a − ξ˜c − φ′′c (A18)
ϕ3 =
1
2
(−ξa + ξb − ξc + ξd)− ξ˜a − ξ˜c + φ′′c .
Similarly for processes involving also gluons.
All terms appearing in the above phases are discussed and can be found in Ref. [2]; we
report them here for convenience and self-consistency of the paper:
cos ξj =
cos θq sin θj − sin θq cos θj cos(φq − φj)
sin θqpj
(A19)
sin ξj =
sin θq sin(φq − φj)
sin θqpj
· (A20)
All angles refer to the overall AB c.m. frame. θj and φj (j = a, b, c, d) are respectively
the polar and azimuthal angles of the partons, while θq and φq are the polar and azimuthal
angle of the vector q = pa + pb. Here and in the next equations θqpj (0 ≤ θqpj ≤ π) denotes
in general the angle between the two vectors q and pj .
The ξ˜j angles (j = a, b, c, d) are given by
ξ˜j = η
′
j + ξ
′
j , (A21)
where
cos ξ′j =
cos θq sin θ
′
j − sin θq cos θ′j cos(φq − φ′j)
sin θqp′
j
(A22)
sin ξ′j =
− sin θq sin(φq − φ′j)
sin θqp′
j
; (A23)
cos η′j =
cos θ′a − cos θ′j cos θp′ap′j
sin θ′j sin θp′ap′j
(A24)
sin η′j =
sin θ′a sin(φ
′
a − φ′j)
sin θp′ap′j
· (A25)
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The primed angles (θ′j , φ
′
j) are obtained via
p′i = pi −
q
q0 +
√
q2
(
pi · q√
q2
+ p0i
)
(A26)
where i = a, b, c, d and qµ = (q0, q) = pµa + p
µ
b .
The last angle appearing in Eqs. (A18) is φ′′c , given by:
tanφ′′c =
sin θ′c sin(φ
′
c − φ′a)
sin θ′c cos(φ
′
c − φ′a) cos θ′a − cos θ′c sin θ′a
· (A27)
Finally, the angle φHC appearing in the fragmentation amplitudes, Eq. (46), is given, in
terms of our integration and overall variables, by:
tanφHC = ∓
pT√
E2C − k2⊥C
√√√√1−
(
k⊥C − pL cos θk⊥C
pT sin θk⊥C
)2
tan θk⊥C , (A28)
where the ∓ signs refer, respectively, to the first and second δ-function terms in Eq. (A5).
APPENDIX B: PARTON POLARIZATIONS AND DISTRIBUTION AMPLI-
TUDES
An alternative simple physical interpretation can be given to the distribution functions
(P aj fˆa/A,SA) = ∆fˆ
a
sj/SA
by making use of the helicity amplitudes Fˆλa,λXA ;λA, which describe
the soft process A → a + X. This is the approach used in Refs. [2, 9]. Since the partonic
distribution is usually regarded, at LO, as the inclusive cross section for this process, the
helicity density matrix of parton a inside hadron A with spin SA and polarization vector
P A can be written as
ρ
a/A,SA
λa,λ
′
a
fˆa/A,SA(xa,k⊥a) =
∑
λ
A
,λ′
A
ρA,SAλ
A
,λ′
A
∑∫
XA,λXA
Fˆλa,λXA ;λA Fˆ
∗
λ′a,λXA
;λ′
A
≡ ∑
λ
A
,λ′
A
ρA,SAλ
A
,λ′
A
Fˆ
λa,λ
′
a
λ
A
,λ′
A
, (B1)
having defined
Fˆ
λa,λ
′
a
λ
A
,λ′
A
≡∑∫
XA,λXA
Fˆλa,λXA ;λA Fˆ
∗
λ′a,λXA
;λ′
A
, (B2)
where the
∑∫
XA,λXA
stands for a spin sum and phase space integration over all undetected
remnants of hadron A, considered as a system XA, and the Fˆ ’s are the helicity distribution
amplitudes for the A→ a+X process.
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Eq. (B1) relates the helicity density matrix of parton a, see Eq. (7), to the helicity density
matrix of hadron A, given by
ρA,SAλ
A
,λ′
A
=
1
2

 1 + PAZ PAX − iPAY
PAX + iP
A
Y 1− PAZ


A,SA
=
1
2

 1 + PAL PAT e−iφSA
PAT e
iφSA 1− PAL


A,SA
, (B3)
where P A = (PAT cosφSA, P
A
T sinφSA, P
A
L ) is hadron A polarization vector and φSA its az-
imuthal angle, defined in the helicity reference frame of hadron A. Notice that, in this
Appendix, we consider the most general case in which the transverse polarization of hadron
A can be along any direction φSA in the XY plane, whereas in Section IIA and throughout
the paper the specific choice was made of fixing the transverse polarization of hadron A
along the Y -axis, i.e. ↑ = SY , which corresponds to φSA = π/2.
The distribution amplitudes Fˆ depend on the parton light-cone momentum fraction xa
and on its intrinsic transverse momentum k⊥a, with modulus k⊥a and azimuthal angle φa:
Fˆλa,λXA ;λA(xa,k⊥a) = Fλa,λXA ;λA(xa, k⊥a) exp[iλAφa] , (B4)
so that
Fˆ
λa,λ
′
a
λ
A
,λ′
A
(xa,k⊥a) = F
λa,λ
′
a
λ
A
,λ′
A
(xa, k⊥a) exp[i(λA − λ′A)φa] . (B5)
F
λa,λ
′
a
λ
A
,λ′
A
(xa, k⊥a) has the same definition as Fˆ
λa,λ
′
a
λ
A
,λ′
A
(xa,k⊥a), Eq. (B2), with Fˆ replaced by F ,
and does not depend on phases anymore.
The parity properties of Fλa,λXA ;λA(xa, k⊥a) are the usual ones valid for helicity amplitudes
in the φa = 0 plane [4],
F−λa,−λXA ;−λA = η (−1)
SA−sa−SXA (−1)λA−λa+λXA Fλa,λXA ;λA , (B6)
where η is an intrinsic parity factor such that η2 = 1. These imply:
F
−λa,−λ
′
a
−λ
A
,−λ′
A
= (−1)2(SA−sa) (−1)(λA−λa)+(λ′A−λ′a) F λa,λ′aλ
A
,λ′
A
. (B7)
Notice that, for SA = 1/2, the factor (−1)2(SA−sa) is positive if parton a is a quark and
negative if it is a gluon; consequently, some parity relations are different according to the
nature of the parton involved. For this reason we shall treat quark and gluon distribution
functions separately.
By applying Eqs. (B5) and (B7) one can see that there are six independent F ’s:
F++++ , F
++
−− , F
+−
+− , F
−+
+− , F
++
+− , F
+−
++ . (B8)
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These are in principle complex quantities, but F++++ and F
++
−− are clearly moduli squared
(see Eq. B2), whereas F+−+− and F
−+
+− are purely imaginary for gluons and purely real for
quarks, as given by Eq. (B7). This leaves us with eight independent real quantities, which
are directly related to the eight distribution functions defined in Eqs. (13-15) (for quarks)
and (30-36) (for gluons), as we are going to show.
1. Quark sector
Let us consider first quark partons. Inserting Eqs. (B3) and (B5) into Eq. (B1), and
exploiting the parity relationships (B7), yields, for a generic hadronic spin state:
ρ
a/A,SA
++ fˆa/A,SA =
1
2
(1 + P az ) fˆa/A,SA =
1
2
(
F++++ + F
++
−−
)
+
1
2
PAL
(
F++++ − F++−−
)
+ PAT
[
ReF+++− cos(φSA − φa) + ImF+++− sin(φSA − φa)
]
(B9)
ρ
a/A,SA
−− fˆa/A,SA =
1
2
(1− P az ) fˆa/A,SA =
1
2
(
F++++ + F
++
−−
)
− 1
2
PAL
(
F++++ − F++−−
)
− PAT
[
ReF+++− cos(φSA − φa)− ImF+++− sin(φSA − φa)
]
(B10)
ρ
a/A,SA
+− fˆa/A,SA =
1
2
(P ax − iP ay ) fˆa/A,SA = i ImF+−++ + PAL ReF+−++
+
1
2
PAT
[(
F+−+− + F
−+
+−
)
cos(φSA − φa)− i
(
F+−+− − F−++−
)
sin(φSA − φa)
]
. (B11)
By summing and subtracting Eqs. (B9) and (B10), one finds
fˆa/A,SA =
(
F++++ + F
++
−−
)
+ 2PAT ImF
++
+− sin(φSA − φa) (B12)
P az fˆa/A,SA = P
A
L
(
F++++ − F++−−
)
+ 2PAT ReF
++
+− cos(φSA − φa) , (B13)
while from the real and imaginary parts of Eq. (B11),
P ax fˆa/A,SA = 2P
A
L ReF
+−
++ + P
A
T
(
F+−+− + F
−+
+−
)
cos(φSA − φa) (B14)
P ay fˆa/A,SA = −2 ImF+−++ + PAT
(
F+−+− − F−++−
)
sin(φSA − φa) . (B15)
The two above equations can be written in a compact form (which we shall use later) in
terms of the parton transverse spin
P ax = P
a
T cosφsa P
a
y = P
a
T sinφsa , (B16)
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where φsa is the azimuthal angle of the polarization vector of parton a in its helicity frame.
By multiplying Eqs. (B14) and (B15) respectively by cosφsa and sinφsa and summing, one
obtains:
P aT fˆa/A,SA = −2 ImF+−++ sinφsa + 2PAL ReF+−++ cosφsa
+ PAT
[
F+−+− cos(φsa − φSA + φa) + F−++− cos(φsa + φSA − φa)
]
. (B17)
Moreover, one can show that the azimuthal angle of P a in its helicity frame, φsa, and the
same angle measured in the hadronic helicity frame, φ′sa , are related by
φsa = φ
′
sa − φa +O


[
k⊥a
xa
√
s
]2 , (B18)
so that, up to such corrections, Eq. (B17) can be written as
P aT fˆa/A,SA = −2 ImF+−++ sin(φ′sa − φa) + 2PAL ReF+−++ cos(φ′sa − φa)
+ PAT
[
F+−+− cos(φ
′
sa − φSA) + F−++− cos(φ′sa + φSA − 2φa)
]
. (B19)
Eqs. (B12)-(B15) express the quark polarizations in term of the distribution amplitudes
F ’s and the hadron polarization. One finds eight non zero independent soft functions:
fˆa/A = fˆa/A,SL =
(
F++++ + F
++
−−
)
(B20)
fˆa/A,ST =
(
F++++ + F
++
−−
)
+ 2 ImF+++− sin(φSA − φa) (B21)
P ax fˆa/A,SL = 2ReF
+−
++ (B22)
P ax fˆa/A,ST =
(
F+−+− + F
−+
+−
)
cos(φSA − φa) (B23)
P ay fˆa/A,SL = P
a
y fˆa/A = −2 ImF+−++ (B24)
P ay fˆa/A,ST = −2 ImF+−++ +
(
F+−+− − F−++−
)
sin(φSA − φa) (B25)
P az fˆa/A,SL =
(
F++++ − F++−−
)
(B26)
P az fˆa/A,ST = 2ReF
++
+− cos(φSA − φa) . (B27)
Notice also that P ax fˆa/A = 0.
If we fix φSA = π/2 as done throughout the paper and adopt the notations of Eqs. (13)-
(15), the above equations read:
P ax fˆa/A,SY = ∆fˆsx/SY ≡ ∆fˆsx/↑ =
(
F+−+− + F
−+
+−
)
sinφa (B28)
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P ay fˆa/A,SY = ∆fˆsy/SY ≡ ∆fˆsy/↑ = −2 ImF+−++ +
(
F+−+− − F−++−
)
cos φa (B29)
P az fˆa/A,SY = ∆fˆsz/SY ≡ ∆fˆsz/↑ = 2ReF+++− sinφa (B30)
P ax fˆa/A,SZ = ∆fˆsx/SZ ≡ ∆fˆsx/+ = 2ReF+−++ (B31)
P ay fˆa/A,SZ = ∆fˆsy/SZ ≡ ∆fˆsy/+ = ∆fˆsy/A = −2 ImF+−++ (B32)
P az fˆa/A,SZ = ∆fˆsz/SZ ≡ ∆fˆsz/+ =
(
F++++ − F++−−
)
(B33)
fˆa/A,SY = fˆa/A +
1
2
∆fˆa/SY =
(
F++++ + F
++
−−
)
+ 2 ImF+++− cosφa , (B34)
which gives the exact expressions of Eqs. (13)–(15) in terms of helicity distribution ampli-
tudes. In particular, Eqs. (B32) and (B34) allow to obtain the expressions of the Boer-
Mulders and Sivers functions respectively [see Eqs. (15), (17) and (21)]:
∆N fˆa↑/A = −2 ImF+−++ (B35)
∆N fˆa/A↑ = 4 ImF
++
+− . (B36)
Notice also that:
∆−fˆasy/SY ≡
1
2
[
∆fˆasy/↑ −∆fˆasy/↓
]
=
(
F+−+− − F−++−
)
cosφa . (B37)
2. Gluon sector
Thanks to the formal analogy between Eqs. (7) and (25) the expressions of the circular
and linear polarizations of the gluons in terms of the corresponding helicity distribution
amplitudes are closely analogous to those obtained for quarks in the previous subsection.
One should only pay attention to the parity properties appropriate for spin 1 gluons and
remember that the F ’s are now the helicity distribution amplitudes for the A → g + X
process.
One finds that Eqs. (B9) and (B10) hold true also for gluons, while Eq. (B11), due to
the different parity relationships, changes into:
ρ
g/A,SA
+− fˆg/A,SA =
1
2
(T g1 − iT g2 )fˆg/A,SA = ReF+−++ + i PAL ImF+−++
− i
2
PAT
[
(F+−+− + F
−+
+− ) sin(φSA − φa) + i (F+−+− − F−++− ) cos(φSA − φa)
]
, (B38)
where F+−+− and F
−+
+− are now purely imaginary quantities.
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As a consequence, Eqs. (B12) and (B13) keep describing the distributions of unpolarized
or longitudinally polarized gluons inside a polarized hadron, while Eqs. (B14) and (B15)
modify into:
T g1 fˆg/A,SA = 2ReF+−++ + PAT Im
(
F+−+− + F
−+
+−
)
sin(φSA − φa) (B39)
T g2 fˆg/A,SA = −2PAL ImF+−++ − PAT Im
(
F+−+− − F−++−
)
cos(φSA − φa) . (B40)
Eqs. (B20)–(B27) now become:
fˆg/A = fˆg/A,SL =
(
F++++ + F
++
−−
)
(B41)
fˆg/A,ST =
(
F++++ + F
++
−−
)
+ 2 ImF+++− sin(φSA − φa) (B42)
T g1 fˆg/A,SL = T g1 fˆg/A = 2ReF+−++ (B43)
T g1 fˆg/A,ST = 2ReF+−++ + Im
(
F+−+− + F
−+
+−
)
sin(φSA − φa) (B44)
T g2 fˆg/A,SL = −2 ImF+−++ (B45)
T g2 fˆg/A,ST = − Im
(
F+−+− − F−++−
)
cos(φSA − φa) (B46)
P gz fˆg/A,SL =
(
F++++ − F++−−
)
(B47)
P gz fˆg/A,ST = 2ReF
++
+− cos(φSA − φa) , (B48)
while, choosing φSA = π/2 and following the notation of Eqs. (30)–(36), we have:
T g1 fˆg/A,SY = ∆fˆ gT1/SY = ∆fˆ
g
T1/↑
= 2ReF+−++ + Im
(
F+−+− + F
−+
+−
)
cos φa (B49)
T g2 fˆg/A,SY = ∆fˆ gT2/SY = ∆fˆ
g
T2/↑
= −Im
(
F+−+− − F−++−
)
sin φa (B50)
P gz fˆg/A,SY = ∆fˆ
g
sz/SY
= ∆fˆ gsz/↑ = 2ReF
++
+− sin φa (B51)
T g1 fˆg/A,SZ = ∆fˆ gT1/SZ = ∆fˆ
g
T1/+
= ∆fˆ gT1/A = 2ReF
+−
++ (B52)
T g2 fˆg/A,SZ = ∆fˆ gT2/SZ = ∆fˆ
g
T2/+
= −2 ImF+−++ (B53)
P gz fˆg/A,SZ = ∆fˆ
g
sz/SZ
= ∆fˆ gsz/+ =
(
F++++ − F++−−
)
(B54)
fˆg/A,SY = fˆg/A +
1
2
∆fˆg/↑ =
(
F++++ + F
++
−−
)
+ 2 ImF+++− cos φa . (B55)
The Sivers function (B36) can exist also for gluons, while the “Boer-Mulders-like” function
is given by
T g1 fˆg/A = ∆fˆ gT1/A = ∆fˆ gT1/+ = 2ReF+−++ . (B56)
Finally, in analogy to Eq. (B37):
∆−fˆ gT1/SY ≡
1
2
[
∆fˆ gT1/↑ −∆fˆ gT1/↓
]
= Im
(
F+−+− + F
−+
+−
)
cos φa . (B57)
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APPENDIX C: RELATIONS BETWEEN DIFFERENT NOTATIONS
1. Quark distribution functions
Let us compare our notations with those used in the formalism of the Amsterdam
group [10] (see also Ref. [29]), which is widely used. In this formalism the main object,
corresponding to our Fˆ
λa,λ
′
a
λ
A
,λ′
A
(xa,k⊥a), is the Φ(xa,k⊥a) correlator
Φ(xa,k⊥a) =
1
2
[
f1/n+ + f
⊥
1T
ǫµνρσγ
µnν+k
ρ
⊥a(P
A
T )
σ
M
+
(
PAL g1L +
k⊥a · P AT
M
g⊥1T
)
γ5/n+
+ h1T iσµνγ
5nµ+(P
A
T )
ν +
(
PAL h
⊥
1L +
k⊥a ·P AT
M
h⊥1T
)
iσµνγ
5nµ+k
ν
⊥a
M
+ h⊥1
σµνk
µ
⊥an
ν
+
M
]
. (C1)
By appropriate Dirac projections Φ[Γ] = Tr(ΓΦ) one can single out the various sectors
of distribution functions. In particular, Γ = (n−)αγ
α/2 projects out the f1 sector (i.e. all
the distribution functions relative to an unpolarized quark), namely the usual unpolarized
distribution function fa1 (xa, k⊥a) and the Sivers function f
⊥a
1T (xa, k⊥a):
Tr
(
/n−
2
Φ
)
= f1 − PAT
k⊥a
M
sin(φSA − φa) f⊥1T , (C2)
where M is the proton mass and n± = 1/
√
2 (1, 0, 0,±1).
Similarly, the projection operator Γ = (n−)αγ
αγ5/2 gives the g1 sector (i.e. the dis-
tribution functions corresponding to a longitudinally polarized quark), namely the helicity
distribution function ga1L(xa, k⊥a) and the number density of longitudinally polarized partons
a in a transversely polarized hadron A, called g⊥a1T (xa, k⊥a):
Tr
(
/n−
2
γ5Φ
)
= PAL g1L + P
A
T
k⊥a
M
cos(φSA − φa) g⊥1T . (C3)
Finally, to obtain the h1 sector (i.e. the distribution functions relative to a transversely
polarized quark), we have to apply the projector Γ = 1
2
iσµν(n−)
µ (P
A
T
)ν
2
γ5:
Tr
(
1
2
iσµν(n−)
µ (P
A
T )
ν
2
γ5Φ
)
= PAT
[
cos(φSA − φ′sa) h1 +
k2⊥a
2M2
cos(2φa − φSA − φ′sa) h⊥1T
]
+
k⊥a
M
cos(φa − φ′sa)PAL h⊥1L −
k⊥a
M
sin(φ′sa − φa)h⊥1 , (C4)
with
h1 = h1T +
k2⊥a
2M2
h⊥1T . (C5)
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The relations between the F
λa,λ
′
a
λ
A
,λ′
A
inclusive cross sections and the Amsterdam group dis-
tribution functions can straightforwardly be derived by comparing Eqs. (C2), (C3) and (C4)
with Eqs. (B12), (B13) and (B19) respectively, obtaining:
f1(xa, k⊥a) = F
++
++ + F
++
−− = fˆa/A (C6)
k⊥a
M
f⊥1T (xa, k⊥a) = −2 ImF+++− (C7)
g1L(xa, k⊥a) = F
++
++ − F++−− (C8)
k⊥a
M
g⊥1T (xa, k⊥a) = 2ReF
++
+− (C9)
k⊥a
M
h⊥1L(xa, k⊥a) = 2ReF
+−
++ (C10)
k⊥a
M
h⊥1 (xa, k⊥a) = 2 ImF
+−
++ (C11)
h1(xa, k⊥a) = F
+−
+− (C12)(
k⊥a
M
)2
h⊥1T (xa, k⊥a) = 2F
−+
+− . (C13)
Notice that, according to the most general forward behaviour of helicity amplitudes (see,
e.g., Eq. (4.3.1) on page 79 of Ref. [4]), one should have the minimal requirement:
F
λa,λ
′
a
λ
A
,λ′
A
(xa, k⊥a = 0) ∼ (k⊥a)|λA−λa+λ′A−λ′a| , (C14)
which is explicit in the above equations. The proton mass M is assumed in Eq. (C1) as a
reasonable scale for the intrinsic motion k⊥.
Combining Eqs. (C6)–(C13) with Eqs. (B20)–(B27) one can obtain the relationships
between the Amsterdam functions and the quark polarizations. Using Eqs. (C7), (C10),
(C11), (C8) and (C9) respectively into Eqs. (B21), (B22), (B24), (B26) and (B27), yields:
fˆa/A,ST − fˆa/A,−ST = ∆fˆa/ST (xa,k⊥a) = −2
k⊥a
M
sin(φSA − φa) f⊥1T (xa, k⊥a) (C15)
P ax fˆa/A,SL = ∆fˆsx/+(xa,k⊥a) =
k⊥a
M
h⊥1L(xa, k⊥a) (C16)
P ay fˆa/A,SL = P
a
y fˆa/A = ∆fˆsy/A(xa,k⊥a) = −
k⊥a
M
h⊥1 (xa, k⊥a) (C17)
P az fˆa/A,SL = ∆fˆsz/+(xa,k⊥a) = g1L(xa, k⊥a) (C18)
P az fˆa/A,ST = ∆fˆsz/ST (xa,k⊥a) =
k⊥a
M
cos(φSA − φa) g⊥1T (xa, k⊥a) , (C19)
which shows that the functions f⊥1T , h
⊥
1L, h
⊥
1 , g1L and g
⊥
1T have a direct physical interpretation
in terms of corresponding polarized quark distributions.
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Instead, insertion of Eqs. (C11)–(C13) and (C5) into Eqs. (B23) and (B25) gives
P ax fˆa/A,ST = ∆fˆsx/ST (xa,k⊥a)
=
[
h1T (xa, k⊥a) +
k2⊥a
M2
h⊥1T (xa, k⊥a)
]
cos(φSA − φa) (C20)
P ay fˆa/A,ST = ∆fˆsy/ST (xa,k⊥a)
= −k⊥a
M
h⊥1 (xa, k⊥a) + h1T (xa, k⊥a) sin(φSA − φa) , (C21)
which shows that h1T and h
⊥
1T are combinations of quark polarized distributions.
2. Gluon distribution functions
In Ref. [14] Mulders and Rodriguez discussed the twist-two transverse momentum de-
pendent gluon distribution functions for spin-1/2 hadrons. Their notation is different from
ours, and it is worth mentioning the relations which link the two different formalisms.
Naming conventions in Ref. [14] are set as follows: G and ∆G indicate gluon distribution
functions which are diagonal in the gluon helicities, i.e. correspond to either unpolarized
(G) or circularly polarized (∆G) gluons. H and ∆H indicate gluon distribution functions
which correspond to linearly polarized gluons in either unpolarized or polarized hadrons
respectively. As for the quark distribution functions, a T or L subscript indicates that
the parent hadron is either transversely or longitudinally polarized, and a ⊥ superscript
shows an explicit dependence of the distribution function on the gluon intrinsic transverse
momentum.
Indeed, eight such functions exist:
• G is the usual distribution function of unpolarized gluons inside unpolarized hadrons,
corresponding to fˆg/A = F
++
++ + F
++
−− , Eq. (B41);
• ∆GL is the distribution function of circularly polarized gluons inside a longitudinally
polarized hadron A, corresponding to ∆fˆ gsz/+ = F
++
++ − F++−− , Eqs. (B47) and (B54);
• GT is the distribution function of unpolarized gluons inside a transversely polar-
ized hadron, i.e. the gluon Sivers function, corresponding to ∆N fˆg/A↑ = 4 ImF
++
+− ,
Eq. (B36);
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• ∆GT is the distribution function of circularly polarized gluons inside a transversely
polarized hadron, corresponding to ∆fˆ gsz/ST = 2ReF
++
+− , Eqs. (B48) and (B51);
• H⊥ is the distribution function of linearly polarized gluons in unpolarized hadrons,
which corresponds to ∆fˆ gT1/A = ReF
+−
++ , Eqs. (B43) and (B52);
• H⊥L is the distribution function of linearly polarized gluons in longitudinally polarized
hadrons, which corresponds to ∆fˆ gT2/+ = ImF
+−
++ , Eqs. (B45) and (B53);
• ∆HT and ∆H⊥T are related to the distribution function of linearly polarized gluons
in transversely polarized hadrons, ∆H ′T = ∆HT − (k2⊥g/2M2)∆H⊥T . In this case, it
is difficult to find a precise relation between the two formalisms, but we can say that
∆HT and ∆H
⊥
T play the same role as F
+−
+− and F
+−
−+ , similarly to the quark case [see
Eqs. (B28), (B29), (C20) and (C21)].
Notice that Eq. (C14) is valid for gluons as well as for quarks.
APPENDIX D: HELICITY FRAMES
Our physical observables are computed in the AB c.m. frame (overall hadronic frame)
with axes denoted by Xcm, Ycm, Zcm. The helicity frame of a particle with momentum p
along the direction pˆ = (sin θ cosϕ, sin θ sinϕ, cos θ) – as defined in the hadronic frame –
can be reached by performing on the overall frame the rotations [4]
R(ϕ, θ, 0) = RY ′(θ)RZcm(ϕ) . (D1)
The first is a rotation by an angle ϕ around the Zcm-axis and the second is a rotation by an
angle θ around the new (that is, obtained after the first rotation) Y ′-axis.
This results in the helicity frames with axes along the following directions (expressed in
the hadronic frame):
XˆA = Xˆcm Yˆ A = Yˆ cm ZˆA = Zˆcm (D2)
for a hadron A moving along +Zˆcm,
XˆB = Xˆcm Yˆ B = −Yˆ cm ZˆB = −Zˆcm (D3)
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for a hadron B moving along −Zˆcm,
xˆ = yˆ × zˆ yˆ = Zˆcm × pˆ|Zˆcm × pˆ|
= Zˆcm × kˆ⊥ zˆ = pˆ (D4)
for a generic particle p. Notice that kˆ⊥ is the unit transverse component – with respect to
the Zcm-direction – of p, and that it lies in the (xz) plane.
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